14. TEMPERED DISTRIBUTIONS

Schwartz developed the theory of distribution in order to provide a mathemati-
cally rigorous way to describe the sort of generalized functions that appear in the
work by Boole and Heaviside in connection with applications of the Laplace trans-
form to ordinary differential equations, and those that were somewhat later intro-
duced by Sobolev for applications to partial differential equations. What Schwartz
realized is that generalized functions should be thought of in terms of their action
(i.e., their L?(A\g;C) inner product with) on smooth functions rather than their
value (which won’t exist in general) at points.

To make that idea mathematically precise, he said a generalized function, which
he called a distribution, should be a continuous linear functional on a topologi-
cal vector space of smooth functions. One of the spaces Schwartz considered is
C°(R; C), but the appropriate topology on that space is rather cumbersome (for
instance, elements don’t have countable neighborhood bases). A second, and much
more tractable, choice is . (R; C). Because elements of .7 (R; C) need not have com-
pact support, an element of its dual space must satisfy restricted growth conditions
and is therefore called a tempered distribution.

Recall that the dual space X* of a topological vector space X over C is the
space of continuous, C-valued linear functions on X. When, like . (R;C), all the
elements of X have a countable neighborhood basis, a linear function A on X is
an element of X* if Ax,, — Axz whenever z,, — x in X. Because we want to
think of elements of . (R; C)" as generalized functions which act via their L2-inner
product with elements of . (R; C), we will use letters like u to denote elements of
Z(R;C)" and write their action on ¢ € 7 (R;C) as (p, u).

Lemma 14.1. For each u € /(R;C)" there is an m > 0 and a C € (0,00) such
that

(o, )| < Cllgllsom iy for all g € S (R; C).

Proof. Because sets of the form {||g0||y<m)(R;C) < r} form a neighborhood basis

for 0 in Z(R;C), there is an m > 0 and r > 0 such that |(p,u)| < 1 when
@Il 0m sy < 7. Hence [{@,u)| < 77 H@l] soom gic)- O

Simple as it is, Lemma 14.1 has many consequences. For example, it allows us
to say that

o0
(141) <<p7u> = Z((pahk)LQ(AR;C) <hk‘7u>7

k=0
where the series is absolutely convergent. Indeed, if [{¢, u)| < C|l¢]| 5 0m) r;c), then
|(hi,u)| < Cuf, and so, since |(<P7hk)~L2()\R;(C)| = p"[(H" @, hie) 12 (ag;0)| for all
n > 0, the series > 22 (¢, hi) L2 (xp:c) (P, ) is absolutely convergent. Hence, if
on =2 1o, ilk)L2(>\]R;(C)7 then ¢, — ¢ in (R;C) and therefore

n

(,u) = lim (o, u) = lim Y (0, he) 12 (agsc) (s w)

n—00 n—00
k=0

= (@) L2 (i) (Pt ).
k=0
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Obviously, given a measurable function f : R — C with at most polynomial
growth, one can think of it as the element fAg of . (R;C)" given by (p, fAr) =
[ of dA\g, and in this way (R;C) can be thought of as a subset of .7 (R;C)".
Although the distribution corresponding to f is fAg, it is conventional to denote
it by f instead, and we will adopt this convention.

We will need to know that .(R;C) is dense in .#(R;C)". To see that it is, let
u € ./ (R;C)", and set

n
b =Y (g, u)hy.
k=0
Clearly 1, € . (R;C), and, for each ¢ € .(R;C),

n

(@, ¥n) L2 0i©) = D (05 1) 12 (0as0) (Vs ) 1200y
k=0

Z %hk L2(Ag; (C)<hka — Z(% ﬁk)L?(AR;C) <I~1k7u> = (p,u).
k=0 k=0

The importance of this density result is that it tells us how to extend contin-
uous operators like H* as continuous operators on .#(R;C)". Namely, because
(0, H V) 2 00pse) = (HP@,¥) 12000 for 0,9 € Z(R;C) and (R;C) is dense in
Z(R;C)", the one and only continuous extension of H* to .#(R;C)" is given by
(14.2) (p, Hou) = (H’p, u).

Since .7 (R;C) can be written as the intersection of the spaces .7(™)(R;C),
.Z(R;C)* must be able to be written as the union of the spaces .(™)(R;C)". Of
course, because . (™) (R; C) is a Hilbert space, Riesz’s theorem provides an isomor-
phism between .7 (™ (R; (C)* and (™) (R;C). However, in order to be consistent
with the idea that (¢, u) is a generalization of the L? inner product, this is not the
way we will think about .7 (™) (R; C)*. Instead, we want to identify .7 (™ (R; (C)*
as the Hilbert space

oo
SM(R; C) = {u e .7(R;C)* Z S, u))? < oo}
k=
with inner product

(V) -m i) Zu (s u) (R, v).
Recall that if X is a Banach space and A € X* then ||A|x~ = sup{|A(z)| :
|lz||x =1}. Thus
lull o iy = sup{l{e, )]+ [l om iy = 1}-

Theorem 14.2. For each m > 0, Y(’m)(R;C) is a separable Hilbert space in
which 7 (R;C) is a dense subset, and

u e y(_m)(R,(C) — H_%u € LQ()\R,(C) & ‘H_%UHL2(>\R;(C) = HU”:?(*’")(R;C)
= uec S R;C) .
Moreover, if u € "™ (R;C), then 1wl 5em (micy* = lull.so—m) iy and therefore

(14.3) e, u)| < ||§0||y(7")(R;C)HUH(E’(*"L)(R;C)‘
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Proof. That ’m)(R' C) is a seperable Hilbert space follows from Lemma 13.4.
Next, let u € .#(-™(R; C) and set u, = > r_, (hx, >hk Then u, € (R;C) and
||U_unHy<—m>(Rc Zl‘k (P, a) P 0.
k>n
Hence . (R; C) is dense in .#(~")(R; C).

If u € (™) (R; C), then

m

(o, H™ 2 )| = Zﬂk (0, 1) 12 gy (s )| < lellz2 (s 1wl o -m sy

and so H™%u € LQ()\R;(C) and [|[H ™% ul| 2 (a0 < ]| 5~ m) (r;c)- Conversely, if

m

H~%u e L?(Ag; C), then
el % iy = Zﬂk (i ) = [, ™2 w)” = |1 % ul| 120 -

To prove the second equivalence, first suppose that u € (™ (R;(C)*. Then,
since K72 ¢l oo ey = ll@llL2(0si0)

(o, H™ B u)| = [(H™ % p,u)|

<IH™ 2@l wom @y el om ey =

(Ar;C)»

and so H~2u € L*(Ag;C) and [Jull w—-mymcy < lull oommeys- Conversely, if
ue . SM(R;C), set f =H Zu, then

[{p, u)| = |(7‘l%% Hrzowol
<M Z ol L2 sy 1l L2 sy = Il = sy o] o (i)
and so u €. (R; C)" and [|ul| om zicy* < [[ull o m @ic)- O
By combining Lemma 14.1 and Theorem 14.2, we know that

S(R;C)* U Sm(R; C).

m=0

Theorem 14.3. If u € .#(~™)(R;C) is non-negative in the sense that (p,u) >0
whenever ¢ € .7 (R;C) is non-negative, then there exists a Borel measure p on R
such that

[ ) < 00 and () = [ odn

Conversely, if i is a Borel measure on R satisfying
/(1 +22)7 % p(dr) < oo
and u € S (R;C)" is defined by (p,u) = [ pdpu, then u € S (R;C).

Proof. Assume that u € .#(~™)(R;C) is non-negative. Choose n € C*(R;[0,1])
so that n = 1 on [~1,1] and n = 0 off [-2,2], set nr(z) = n(%) for R >
1, and define ur € Z(R;C)" by (p,ur) = (nrp,u). Given an R-valued ¢ €
S (R;C), lellunr £ ¢nr > 0, and therefore |(p, ur)| < ||¢llu(nr,w). Thus there is
a unique extension of ¢ ~ (@, ugr) as a continuous, non-negative linear functional on
C ( [—2R;2R], R), which, by the Riesz representation theorem, means that there is a
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finite Borel measure 1z on R such that (¢, ur) = [ ¢ dug. In particular, pr(R) =
(R, w) < |Inrllsom @ellull oc-m ey Since RIS o @ey = (17, H™1R) L2050

and H™ng is a linear combinations of terms of the form %77”(%% where 0 <
k + ¢ < 2m, there exists a C' < oo such that

1

< / e (2)H" g (2) d:c>2 < CR™%,

and 50 p1g(R) < Clluf soc-m iy R™2.

Note that R < R = pup | [-R,R] = ur | [-R, R], and therefore there
is a Borel measure p on R such that u [ [-R,R] = pugr | [-R,R] for all R > 1.
Furthermore

[ S /+ 1 Jo?) 2 (o)

n—=—oo

n + 1) 7n+2 _3
< 2CH’U,||y( m)(Rc)Zw = CHu”y( m)(R«:)Z 1+TL 2 < 0.
n=0

Finally,
(p,u) = lim (nre,u) = lim /nRsodu: /wdﬁu
R—o0 R—o0
Conversely, suppose that u is a Borel measure on R and that
C= /(1 +2%) % du(dr) < co.
Clearly ¢ ~~ [ ¢ du determines a distribution u. In fact, by (13.3),
e, u)l < Cll(1+2°)Fpllu < CIIA+ [2)™pllu < CKmllllpomen iy
and therefore u € .7(-"=3)(R; C). O

As a consequence of Theorem 14.3, we know that for any measurable f : R — C
for which there exists an m € Z such that

/ (1+2%) " %|f(2)| dz < oo,
there is a distribution f € .#(~™=3)(R;C) such that
(w.) = [ ola)f(o)do

The following generalizes the preceding observation.

Theorem 14.4. Let p be a Borel measure on R, and assume that
/ (1+22)~% p(dr) <
If f € LP(u; C), then there is a distribution fu given by
¢ € 7 (R;C) n—>/gofd,u€(C.

Moreover, if m, = min{n : m < 2p'n}, where p' is the Holder conjugate of p, then
fue M =3)(R;C) and

1
||fﬂ‘|y(*vnr3>(m;c) < K, M7 ||fHLP(p;(C)~



Proof. By Hélder’s inequality,

/<Pfdﬂ' < If e o el Lo ey

At the same time,

.
Iy

Il ey < ([ 140372 0 +a) Flota) i)

1 m i’
< MY ([ (14233 ||, < Koy ME 0] i -
Hence,

1
K@, fi)] < Koy, M || f || Lo (i) 10| mi+9) () -
O

Loosely related to the preceding is the following theorem of Schwartz. Given
au € .7 (R;C)", its support is the smallest closed set F such that (p,u) = 0 for
all ¢ that are 0 on FC. Equivalently, (p1,u) = (@a,u) if ¢1 = @ on an open set
containing F'.

Theorem 14.5. If u € .7(""TD(R;C), then u is supported on {0} if and only if
there exist {aog, ...,an} C C for which

<907u> = Z amamw(o)
m=0

forall p € Z(R;C). .

Proof. The sufficiency statement is trivial. To prove the necessity assertion, first
note that, by Theorem 13.2, there is a C € [0,00) such that |(,u)| < C|lg||.
Next, choose n € C*(R; [0, 1]) so that n = 1 on [—1,1] and n = 0 off of [-2, 2], and
define n,(z) = n(2) for r € (0,1]. Because 0 is the support of u, (p,u) = (¢, u)
for all r € (0,1]. In particular, this means that

(e u)] <O el
£=0

for some other C < oo.

We will now show that (p,u) = 0 if p(x) = 2" n(x)y(x) for some ¢ €
C>(R;C). To this end, set ¢.(z) = 2" n.(z)y(z), and note (p,u) = (p,,u)
for all r € (0,1]. Next observe that 9y, is a linear combination of terms of the
form '

—1,.—3,,(J) [ n+l—i—j (T J j) (x
=iy Jn(J)(;)¢(k)(x) N <;> U(])(;)¢(k)($)
where i + j + k = £. Since

L= (f)j @ (%)w(k)(a?)

. < @) g D[,

lim,~ o ||<,07(AZ)Hu =0 for £ < n, and so

(o, u) {or,u) = 0.

= lim
N0



Now let ¢ € Z(R;C) and use Taylor’s theorem to write

n (m) n+1 1
olx) = Z v (0) am 4+ 2 / (1 — )"V (tz) dt.
0

= m n!
Set ih(x) = 5 fo (1—t)"p*+ D (tz) dt, and apply the preceding to see that (z"+1mp, u) =
0 and therefore that
(o, u) = (np, u Z (@™, u).
m=0
Hence we can take a,, = 7',:7!’“>. O

The next result characterizes distributions u € .#(R; C)* which satisfy the min-
imum principle

(14.4) (p,uy > 0if p € S(R;R) and »(0) = min{p(z) : € R}
and are quasi-local in the sense that

(14.5) Rlim (pr,u) =0 for all p € L(R;C),
—00

X

where ¢r(z) = ¢(%).

In preparation for the proof of the characterization, I have to introduce the
following partition of unity for R\ {0}. Choose 1) € C*°(R;[0,1]) so that ¢ has
compact support in (0,2)\ (O, 1) and ¢ (y) =1 when & < [y| < 1, and set ¢y, (y) =
¥ (2my) for m € Z. Then, ify € Rand 2771 < |y| < 27™ 4),,(y) = 1 and ¢, (y) =
0 unless —m —2 < n < —m + 1. Hence, if U(y) = > ., ¥m(y) for y € R\ {0},
then W is a smooth function with values in [1,4]; and therefore, for each m € Z, the
function x., given by x,(0) = 0 and xm(y) = d”"(y for y € R\ {0} is a smooth,
[0, 1]-valued function that vanishes off of (0,2~ m“) \ (0,27™=2). In addition, for
cach y € R\ {0}, 3°,.cz xm(y) =1 and xpm(y) = 0 unless 27™72 < |y < 27m+L

Lemma 14.6. Ifu € ¥ (R;R) satisfies (14.4) and (14.5), then there exists a unique
Borel measure M on R such that M({0}) =0, [ % M (dy) < oo, and

(v} = / () M(dy)

if o, ¢, and ©" vanish at 0.

Proof. Referring to the partition of unity described above, define A, = (xm¢, u)
for o € C>((0,2=m+1)\ (0,27 2); R), where

xm(Y)p(y) if27m72 <y <27t
Xm$®(y) = wely) . vl
0 otherwise.

Clearly A,, is linear. In addition, if ¢ > 0, then y.,¢ > 0 = xme(0), and so, by
(14.4), App > 0. Similarly, for any ¢ € C*((0,2-™+1)\ (0,27"72);R), [l¢/luxm £
Xm® = 0 = ([[elluXm £ Xme)(0), and therefore [A,p| < Ky ll@ll, where K, =
(Xm,u). Hence, A,, admits a unique extension as a continuous linear functional
on C((0,2=m+1)\ (0,27™72);R) that is non-negativity preserving and has norm
K,,; and so, by the Riesz representation theorem, we know that there is a unique
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non-negative Borel measure M, on R such that M, is supported on (0,2=™+1)\
(0,27772), Ky = My (R), and (xmp, u) = [p o(y) My (dy) for all € 7 (R;R).

Now define the Borel measure M on Rby M =3, M,,. Clearly, M({0}) = 0.
In addition, if ¢ € Cg°(R \ {0};R), then there is an n € Z such that xme = 0
unless |m| < n. Thus,

(o= 30 Abene) = X [ ol0) Mnlay)
= /R . (m;nxm(y)so(y)> M(dy) = /]R _ly) M(dy),

and therefore
(14.6) (o = [ ol M(ay)
for p € C°(R\ {0};R).
Before taking the next step, observe that, as an application of (14.4), if 1, @2 €
7 (R;R), then

1 < @2 and 1(0) = ¢2(0) = (1, u) < (P2, u). (%)

Indeed, this reduces to the observation that w2 — 1 > 0 = (92 — ¢1)(0).
With these preparations, we can show that, for any ¢ € .7 (R;C),

0> 0=p(0) = / () M(dy) < (). (s5)

n

To check this, apply (*) to ¢, = > __ xm¢ and ¢, and use (14.6) together with
the monotone convergence theorem to conclude that

/R ¢(y) M(dy) = lim RSDn(y)M (dy) = lim (pn, u) < (p,u).

n— oo

Now let n € C*(R; [0,1]) satisfy 7 = 0 on [-1,1] and n = 0 off (—2,2), and set
nr(y) = n(R~'y) for R > 0. By (*x) with ¢o(y) = |y|*n(y) we know that

/R ly[2n(y) M(dy) < (@, u) < oo,

At the same time, by (14.6), for R > 2,

[ (50 = n(0)) M) = (G = ). ) = (o) = G.0)

and therefore, by (14.5) and Fatou’s Lemma,

/R(l —n(y)) M(dy) < —(n,u) < co.

Hence, we have proved that

2
Y
(14.7) /]R T+, M (dy) < oo.

We are now in a position to show that (14.6) continues to hold for any ¢ €
Z(R;R) that vanishes along with its first and second order derivatives at 0. To
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this end, first suppose that ¢ vanishes in a neighborhood of 0. Then, for each
R >0, (14.6) applies to nrp, and so

/R nr()e(y) M(dy) = (nrp,u) = (o u) + (1 - 1)@, ).

Since ¢ is M-integrable and (1 —nr)p — 0 in .7 (R;R) as R — oo, Lebesgue’s
dominated convergence theorem implies that,

(oru) = lim [ nr()e(y) M(dy) = / () M(dy).

R—oo Jp

We still have to replace the assumption that ¢ vanishes in a neighborhood of 0
by the assumption that it vanishes to second order there. For this purpose, first
note that, by (14.7), ¢ is certainly M-integrable, and therefore

[ o) M) = (1 =)o) = ()= Tom 00

By our assumptions about ¢ at 0, we can find a C' < oo such that |n.p(y)| <
Cry®n(y) for all r € (0,1]. Hence, by () and the M-integrability of y?n(y), there
is a C" < oo such that (n,p,u) < C'r for small r > 0, and therefore (n,¢,u) — 0
as r \y 0. ]

Theorem 14.7. If u € S (R;R) satisfies (14.4) and (14.5), then there exist an
a >0, abeR, and Borel measure M on R such that M({0}) = 0, (14.7) holds,
and

(1) = 560) + 5 0) + [ (40) — #(0) = L))’ O)w) M ).
In fact, M is determined by
/90 M(dy) if ¢ € CZ(R\ {0}),

and, for any n € C>(R;[0,1]) which is 1 on [~1,1] and 0 off (—2,2)

a= <y2n2,u>—/y n(y)* M(dy)
and
b= (yn.y) - /y(n(y) = 1j0,11(y)) M (dy).
Proof. Let n be as in the statement, set ng(z) = (%) for R > 0, and define

Yr(y) = oY) — e(0)mr(y) — &' (0)yn(y) — 3¢" (0)y*n(y)>.

Then 1/) € Y(R (C) and vanishes to second order at 0, and so, by Lemma 14.6,
Wr,u)y = [Y(y . Hence,

(p,u) = ©(0)(nr, u) + @’(0)(3117, u) + 5" (0)(y*n?, u)

+ / (0(y) — e(0)nr(y) — &' (O)yn(y) — 1" (O)Pn(y)?) M (dy),



(g1 = 9(0) ({m )+ [ (1= 0n(w) M(a)
4 O}~ 300 () = [ vPulw? i)

+ /(w(y) —©(0) — ' (0)yn(y)) M (dy).

By (14.5) and the Lebesgue dominated convergence theorem, as R — oo both
(nr,u) and (1 —ng)dM tend to 0. Finally, because y(n(y) — 1(—1.1)(y)) vanishes
on [—1,1] and is therefore M-integrable, we can replace ¢’(0)({yn, u) by

¢ (m) = [ () = 1-1,00)) ) M)
and [ (¢(y) — (0) — ¢’ (0)yn(y)) M (dy) by
/ () — 9(0) — & ()1 1.4 () M (dy).
O

Exercise 14.1. Let f € C}(R;C), set u = f(|z|), and show that v’ = sgn(z) f'(|z]).
Next assume that f € CZ(R;C), and show that u” = f/(0)do + £ (|z]).
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