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LECTURE 17: CONVERGENCE OF PROBABILITY MEASURES

Define M; (RY) to be the set of Borel probability measures on RY. Clearly
M; (R?Y) is a convex subset of .#(RY;C)*, but it is a subset that possesses prop-
erties that are not shared by most other elements of .7 (RY; (C)*, and the topology
of (RN ;(C)* does not take full advantage of those properties. There are three
stronger topologies that recommend themselves. Namely: the uniform topology,
which is the one for which”

|1 = vllvar = sup{|{¢, u — v)| : ¢ a Borel measurable function with [|¢[l, = 1}
is the metric; the strong for which sets of the form
S(pyri01, - on) = {v: [{m,v —p)| <7 for 1 <m <n},

where ¢,,’s are bounded Borel measurable R-valued functions on RY, are a neigh-
borhood basis for p; and the weak for which sets of the S(u,r;p1,...,0,) are a
neighborhood basis for u, only now with the restriction that ¢,,’s must be contin-
uous as well as bounded.

Obviously, the strength of the uniform topology is greater than that of the strong
topology, which is stronger than the weak topology, which, at first sight, looks
stronger than the one which M1 (RY) inherits as a subset of .#(RY;C)". Each of
them has its virtues and flaws. The uniform topology admits a metric and is the
strong topology on the dual space of the Banach space Cy(RY; R) with the uniform
topology; the strong topology is not separable and points don’t have countable
neighborhood bases; as we will show below, the weak topology is both separable
and admits a metric, and it is the one which is most useful in practice.

In what follows, we will study some of the properties and applications of the
weak topology.

Lemma 17.1. The sets S(i, 7501, .-, pn) With p1,...,¢0, € CX(RYN;R) are a
neighborhood basis at p for the weak topology.

Proof. We begin by showing if that ¢ € C2°(R; C) with ||¢|lw =1 and r > 0, then
there exist 1, g2 € C°(RY;C) such that

{v: lenv=mlV ez, v =l <3} S{v: o,y —pml <r}
To this end, choose R > 0 so that u(B(0,R)) > 1— %, and take n € C(RY;R)
so that n =1 on B(0, R) and v = 0 off B(0, R+ 1). Then

(o, v = )| < [(np, v — )| + (1 = n)p, v — p)

and
(X =n)p,v— )| < (L —n,p)+(1-nv)
<2(1 =) + (L =n,v — p)| = 2(1 —n, ) + [(n,v — )|
Thus
(@ = n)p,v — @) < [, v — w)| + 2u(B(0, R)®) + |(n, v — p),
and so

{v: e v—wlVIinv—wl <5} S{v: [(e,v—pl|<r}

"We will continue to use (¢, 1) to denote the integral with respect to p of a function ¢, even
if p ¢ S ([RN;C). Also, (¢, v — ) = (p,v) — (o, ).
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In view of the preceding, it suffices to show that if ¢ € C.(RY;C) with ||¢[/, = 1
and 7 > 0, then there exists a 1 € C>°(RY;C) such

(v =l <5 = [ov—p| <r

To this end, simply choose ¢ € C°(RY;C) so that ||¢ — ||y < %, and check that
this ¢ will serve. (I

As Lemma 17.1 makes clear, what we are calling the weak topology on M; (RY)
is what a functional analyst would call the weak* topology on the dual space
Co(RY;R)* of the Banach space Co(R™;R) with the uniform norm. Indeed, the
Riesz representation theorem allows one to identify Co(R™;R) with the space of
finite signed Borel measures on R, and so M;(R"") can be thought of as a convex
subset of the unit ball in Co(R™;R)*, in which case Lemma 17.1 shows that the
weak topology on M (RY) is the topology M;(RY) inherits as a subset from the
weak* topology on Cy(RY;R)*.

Theorem 17.2. The weak topology on M;(RY) is a separable, metric topology.
Proof. Let {¢r : k> 1} be a dense subset of C.(R";R), and define

o lew v — )
A2) =2 50 Tlgn— )

Using Lemma 17.1, it is easy to check that ¢ is a metric for the weak topology on
M, (RY).

To prove separability, define D to be the set of measures Y . _, a,,,0x,,, where
n > 1, the a,,’s are non-negative rational numbers whose sum is 1, and the x,,’s
are elements of RY with rational coordinates. Clearly D is countable. Therefore
it suffices to show that, for each u € M;(RY), each cellection {p1,...,0} C
Cp(RY;R), and € > 0, there is a v € D such that maxj<p</ |[{¢r, v — p)| < e
Further, we need do so only for ;’s and a p which are supported on a ball B(0, R).
Given such a ¢’s and p, choose r > 0 so that maxi<r<e |pr(y) — @r(x)| < 5
if [y — x| < r. Next, cover B(0,R) with balls B(x,,,r), where 1 < m < n,
each x,, € B(0,R) and has rational coordinates, and define A; = B(x1,r) and
A = Bz, ) \ Ui, ! A, for 2 < m < n. Finally, choose non-negative, rational
numbers ay, ..., d, SO that

e el Z = 1(An)] < 5

and Y _| an, =1, and take v = Zmﬂ am0yz,,. Then, for 1 <k < ¢,

1o —u|<2/ 06) = ) i+l 32 1iCAm) = ] <

O

We will use the notation i, —s s to mean that j,, — in the weak topology on
M, (RY).

Theorem 17.3. Given {j, : n > 1}U{u} € My (RY), the following are equivalent:

(i) pn——p.
(ii) [(, in — p)| — 0 for all ¢ € CZ(RN;R).
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(iii) For all closed sets F C RN, lim,, 00 pin(F) < p(F).

(iv) For all open sets G C RN lim . un(G) > u(G).

(v) For all upper continuous functions f : RV — R that are bounded above,
Ty, 00 (f, p1n) < (f, 1)

(vi) For all lower continuous functions f : RN — R that are bounded below,
himnﬁoo<fﬂ pin) > (fs ).

Finally, if T € B and the boundary OT has p-measure 0, then i, —sp =—>
w(T) = limy, o0 pin (T).
Proof. We already proved in Lemma 17.1 the equivalence of (i) and (ii), and the
equivalence of (iii) and (iv) as well as that of (v) and (vi) is obvious. In addition,

it is clear that (v) together with (vi) implies (i). Thus, we need only check that (i)
implies (iii) and that (iv) implies (vi).

Assume that g, —p. Given a closed set F, define pp(z) = 1 — (
Then ¢y, € C(RN; [0, 1]) and ¢ \(1Fr as k — oco. Hence, for all k,

— . > I
(s pr) = T (g, pn) > Tim i (F),

and 50 pu(F) = limg_ 00 (0k, ) > limy, o0 pn (F). Thus (i) = (iii).
In proving that (iv) implies (vi), it suffices to handle f’s which are positive as
well as lower semicontinuous. Given such an f, define

co . 4k
g A4k 1
fk: E Tllj’kof:ﬁ E 1Jj,kof>
j=1 J=1

where I )
J J+ J
o= (03| e = (3).
Then 0 < fr ~ f as k = oco. In addition, because f is lower semicontinuous, the
sets G = {x: f(x) € J; i} are open. Hence, if (iv) holds, then, for all k,
<fka,u> S hirn <fk7,u'n> S 117111 <f7u'n>7
n—oo n—oo

and so

<f»/~"> = klgrrgo<fkvﬂ> < lim <fnufn>

n—oo

To prove the concluding assertion, assume u, —u and that u(0I') = 0. Set
G =T and F =T. Then
p(T) = u(G) < lim p,(G) < lim g (1)

and o o
p(T) = p(F) = lim g, (F) > lim g, (T),
and so u(I") = limy, o0 pin (T). O

Another useful fact about weak convergence is the following.

Theorem 17.4. Assume that pi,—spu, let ¢ € C’(RN; [O,oo)) be an element of
L'(;R) as well as of (o L* (13 R). Then (¢, pu) < lim, (1, ). In addition,

if {pn : n 21} € C(RY;R), [u| <9 for alln > 1, and (b, pn) — (Y, ), then
(ny 1) — (o, 1) if o, —> @ uniformly on compact subsets.
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Proof. Clearly,
(AR p) = Tim (AR, pp) < lim (@, )

n—r oo

for all R >0, and so (¢, ) <lim, (¥, pn).
Now suppose that (¢, un,) — (¢, u), that |p,| < 9, and that ¢, — ¢ uni-
formly on compact subsets. Clearly

[(Pns tin) = (@ )| < Hpn — @, i) | + {05 1t — pin) |-

For each R > 0, choose ng € C*°(R";[0,1]) so that ng = 1 on B(0, R) and ng =0
off B(0, R+ 1). Then, for each R > 0,

m ‘<§0n - ¥, :U'n>|

n—oo

< Tim - sup fen(@) — @(@)| (R, ) + T (1= 18)(0n = @), pin)]

and, by Lebesgue’s dominated convergence theorem, the last expression tends to 0
as R — oo. Similarly,

Tim (@, pin — p1)|
< T (oo — )|+ T (1= m)eb i) + (1= mr)ibs ) = 2((1 = e, ),

n—

and 50 T o0 | (2, ftn — )] = 0. H

We will next investigate when a subset of M (RY) is relatively compact. Because
the unit ball in the dual space of a Banach is compact in the weak™ topology, a
careless functional analyst might think that M;(R") is itself compact. However,
although M (R¥) is closed in the strong topology on Co(RM;R)*, it is not closed
in the weak* topology. Indeed, the sequence {6, : n > 1} C M;(R) is weak*
convergent to measure whose total mass is 0, which is not an element of M;(R).
As this example indicates, in order for the weak* limit of a sequence {y, : n > 1}
C M, (RY) to be in M;(RY), one needs to know that the mass of the p,,’s is not
escaping to infinity. With that in mind, we will say that a subset A of M (RY) is
tight if, for each € € (0,1), there exists an R € [0, 00) such that

,}Iel,fq’u(B(O’R)) >1-—e

Theorem 17.5. A subset A C M;(RY) is relatively compact in the weak topology
if and only if it is tight.

Proof. Assume that A is tight, and let {u, : n > 1} € M;(RY). As pointed
out above, there is a subsequence of {u, : n > 1} C M;(R") which is weak*
convergent in Co(RY;R)* to a v € Co(RY;R)* which is a non-negative measure
with total mass less than or equal to 1, and so, without loss in generality, we
will assume that {u, : n > 1} is weak™ convergent to v. In order to check that

v(RY) =1, for any € € (0,1) choose R so that inf,>1 i, (B(0,R)) > 1 — ¢, and
choose n € C(R¥;[0,1]) so that n =1 on B(0, R) and n = 0 off B(0, R+ 1). Then

N EY7 9 IR _ . I S n DY _
v(RY) > v(B(0,R+1)) > (n,v) = nlglgo<777un> > nh_}n;@ i (B(O,R)) > 1 —¢,

and so v(RY) must be 1.
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Conversely, suppose that A C M1 (RY) is relatively compact in the weak topol-
ogy. If A were not tight, then there would exist a 6 € [0,1) and, for each n > 1, a
tn € A such that p, (B(O7 n)) < 0, and, because A is relatively compact, we could
assume that i, —p for some p € My(RY). But if 7, € C(RY;0,1]) equals 1 on
B(0,m) and 0 off of B(0,m + 1), that would mean that, for all m > 1,

p(B(0,m)) < () = K0 (0, i) < gim pin (B(0,m)) <6,

and so u(RY) would have to be less than or equal to § < 1. O

*

Exercise 17.6. Show that p,, —»pu if and only if y,, — p in .#(RY;C)
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