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LECTURE 18: THE FOURIER TRANSFORM FOR M; (RY)

In many applications, it is important to know the relationship between the weak
convergence of measures and convergence of their Fourier transforms, which are
often called characteristic functions in the probability literature.

Theorem 18.1. Given {u, : n > 1} U {u} € Mi(RN), pn—pu if and only if
fin (&) — (&) for each & € RN. In fact, if pn—sp, then fi, — fi uniformly on
compact subsets.

Proof. Suppose that fi,, — [i pointwise. Then, by Parseval’s identity and Lebesgue’s
dominated convergence theorem, for each ¢ € .7 (RY;C),

(21) (s ) = / H(E)iin(—€) dE —> / HE)A(—€) de = (2m)N (o, ),

and so, by Theorem 17.3, ft,, — .

Now suppose that ji,, —p and that &, — € in R™Y. Then the functions ¢, (x) =
e"€n XN converge uniformly on compact subsets to the function p(x) = e*(€*),
and therefore, by Theorem 17.4, fi,(&,) — [1(€). Hence fi,, — p uniformly on
compact subsets. O

Undoubtedly the most famous application of Theorem 18.1 is to the derivation
of the Central Limit Theorem in probability theory. The C.L.T. states that if
{X,, : n > 1} is a sequence of mutually independent, uniformly square integrable
random variables on some probability space (2, F,P) have the properties that their
expected value is 0 and

1 n
Jim =S E[(€ Xm)an] = €

m=1
for all £ € R, then the distribution o, of
Z:w:l Xm
ns

372 . .
converges weakly to vV, where y(dz) = (271’)_%6_7 dz is the standard Gaussian
measure on R. To phrase this in analytic terms, let u,, be the distribution of X,,.
Then the distribution of Y _, X,, is the measure pq * - - - * p,,, and so

)

m

m\»—-‘m

u(&) = [T Aim(

n

is the Fourier transform of the distribution of % Zm:l
n2

X, Next note that, by

Taylor’s theorem,

) =1+ #%/@,x)m o (%) — %/(£,x>2um<dx) +0m(3),

where, because the X,,,’s are uniformly square integrable,

i (

3
m\»—\‘m

lim n sup om(l) =0.
n—oo m>1 n
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Hence, because the X,,, have expected value 0 and

tim S [ (€302 () = €]
m=1

n—oo N

one has that

n
\6\2 —

8= T1 (1= 5 [ €0t +on()) — % =70,

In spite of Theorem 18.1, it is mot true that a sequence of probability measures
converges weakly just because their Fourier transform converge pointwise. The
reason why is that if the sequence converges weakly, then it is relatively compact
and therefore must be tight. The following theorem of P. Lévy shows how one can
use Fourier transforms to test for tightness.

Theorem 18.2. (Lévy’s Continuity Theorem) If A C M, (RY), then A is tight
if and only if for each € > 0 there exists an r > 0 such that

(18.1) sup [1— (&) <e.

pnEA

lgl<r
Hence, {1, : n > 1} C M{(RYN) is weakly convergent in My (RN) if and only if i,
converges uniformly in a neighborhood of 0, in which case there is a u € My (RY)

to which {un : n > 1} is converging weakly.

Proof. Assume that A is tight and therefore relatively compact. To see that (18.1)
hold, suppose it did not. Then there would be an ¢ > 0 such that, for each
n>1, ‘1 — ,un(é'n)’ > ¢ for some u, € A and £ € B(O,%)7 and, because A is
relatively compact, we can choose these u, so that they converge weakly to some
p € My (RY). But then there would exist an m > 1 for which

1= @IV [ (€) =€) < 3

when n > m and when [¢| < 1, which would lead to the contradiction that |1 —

Now assume that (18.1) holds. To show that A must be tight, begin by observing

that
T / (1 - cos(€, y) ) u(dy).

Therefore, if® e € SV—1, for all r > 0,

Ly - _sin(r(e,y)ev)
7"/0 1 u(tE)ldtZ/RN\{O} (1 oy e )u(dy)~

sin T

Now set

s(t):inf{ :th} for t > 0.

Then s(t) > 0 for all ¢ > 0 and, for all R > 0,

sup 1= 4(©)] 2 1 [ |1 i) e > s(rRu(fy : I(e.¥)ev| > RY).
g <r T Jo

8§N -1 is the unit sphere in RV,
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Since .
nlyIyl= BY) <N swp p({y: [(e;y)ev] = N72R}),
ecSN-1

we have the estimate

(18.2) u({y: lyl=R}) < sup |1 — u(€)].

s(rN=%R) j¢|<r
In particular, (18.1) implies that, for each ¢ > 0, there is an R > 0 such that
sup u({y : |yl > R}) <e
pHeEA
O

Bochner found an interesting characterization of characteristic functions, one
which is intimately related to Lévy’s Continuity Theorem. To describe his result,
say that a function f : RV — C is non-negative definite if the matrix

((f(éj - £k)))1§j,k'§n

is non-negative definite for all n > 2 and &;,...,&, € RV, which is equivalent to

saying
n

> f(& - &)y > 0

Jik=1
for all aq,...,a, € C.
Theorem 18.3. A function f : RN — C is a characteristic function if and only
if [ is continuous, f(0) =1, and f is non-negative definite.
Proof. Assume that f = fi for some u € M;(RY). Then it is obvious that f is

continuous and that f(0) = 1. To see that it is non-negative definite, observe that

n

n
3 f(gj_gk)aj@:/ S & o ar | u(dx)
Jik=1 4 k=1
2

n
= [ eyl =0
jk=1

Now assume that f is a continuous, non-negative definite function with f(0) = 1.

Because
1=(sly V)

is non-negative definite, Jm(f(&) + f(—€)) and IJm(if (&) — if(—&)) are both 0,

and therefore f(&) = f(—&). Thus A is Hermitian, and because it is non-negative
definite, 1 — |f(£€)|?> > 0. Therefore |f(£)| < 1. Next, let ¢ € . (RY;R), and use
Riemann approximations to see that

/ / F(€ — m)i(€)d(m) dedn > 0.

Assume for the moment that f € L'(Agn;C), and set

g(x) = @m)~N / e~HEX)en () d.
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By Parseval’s identity, Fubini’s Theorem and the fact that 1)(€) = (&),
2 [ ooyt dx = / fe-g = [ f(&)(z@ w)(-€) de
— [[ 1©iE+mim dgan = [[ 16~ myi(€)itn) dedn = o,

Hence, since g is continuous, it follows that ¢ > 0. In addition, f = § and so
Jg9(x)dx = f(0) = 1 and f is the Fourier transform of the probability measure
di = gdAgn.

x 2
To remove the assumption that f is integrable, set g;(x) = (27rt)_%e_% and

2
define v¢(dx) = g;(x) dx. Then 7;(£) = e—5" and therefore ft =7if is a continu-

ous, Ar~-integrable function that is 1 at 0. To see that f; is non-negative definite,
note that

S - &am= 3 6 - & / ! (617800 o, (dx)
j,k=1

7,k=1

n —
= [ 3 16 - 66 (@) | (i) 2 0
Jk=1
Thus f; = j1; for some pu; € M;(RY), and so, since f; — f uniformly on compact

subsets, Lévy’s Continuity Theorem implies that j; tends weakly to a pu € M;(RN)
for which f = f. O

Because it is difficult to check whether a function is non-negative definite, it
is the more or less trivial necessity part of Bochner’s Theorem that turns out in
practice to be more useful than the sufficiency conditions.

Exercise 18.4. Given f € Cy,(RY;C) with f(0) = 1, define the quadratic form

s = [[ | el€(€—nyim dein

for ¢, € Z(RY;C). Show that this quadratic form is an inner product (i.e.
(p,0)f > 0) if and only if f is a characteristic function. Further, if f = f, show

that (o, ) = (&, z/J)Lz (u:c) and therefore that (-, -); is a Hilbert inner product
(e, (p,9)f =0 = ¢ =0) if and only if x(G) > 0 for all non-empty open sets
G.
Exercise 18.5. Here are some interesting facts about characteristic functions.

(i) It is easy to check that if 4 € My (RY), then

[i(m) — A(€)* < 2Re(1 - fu(n — €)),
and so, by Theorem 18.3, one sees that if f is a continuous, non-negative definite

function for which f(0) = 1, then |f(§)| < L and |f(n)—f(&)]* < 2(1—-Ref(n—&)).
Show that these inequalities hold even if one drops the continuity assumption.

Hint: Use the non-negative definiteness of the matrices
L (=& f(=n)

LJEOY wa (1 1 fie-m
<f(5) ) f) fn—& 1
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to see that f(—&) = f(&) and that
1+20(1 —Ref(n — &) +20°|f(n) — f(€)] = 0 for all a € R.
(ii) Without using Bochner’s theorem, show that if f; and f, are non-negative
definite functions, then so are fi fy and, for any a,b > 0, af; + bf> is also.

Hint: Show that if A and B are non-negative definite, Hermitian N x N matrices,
then ((Ak,gBk)g))1<k sy I8 also. One way to see this is to use the fact that B
admits a square root.

(iii) Suppose that f : R¥Y — C is a function for which f(0) = 1. Show that
if im0 |f |(2 ) = 0, then f cannot be a characteristic function. In particular, if
a > 2, then e 1" is not a characteristic function.

(iv) Given a finite signed Borel measure p on RY | define

) = [ 1 i),

and show that & = 0 if and only if = 0.
Hint: Use the Hahn Decomposition Theorem to write p as the difference of two,
mutually singular, non-negative Borel measures on R%.

(v) Suppose that f : R — C is a non-constant, twice continuoubly differentiable
characteristic function. Show that f”/(0) < 0 and that f”(o) is again a characteristic
function. In addition, show that | f'||2 V ||f”|lu < [f”(0)| and that |f(n) — f(&)| <
£ (O] |n — €.

(vi) Suppose that {p, : n > 1} € M;(R) and that f(&) = lim, o in (€) exists
for each £ € R. Show that f is a characteristic function if and only if it is continuous
at 0, and notice that this provides an alternative proof of Theorem 18.2.

(vii) Let p, € M1(R) be the measure for which d"" = (2n)"'1_,,). Show
that 11, — 1y0y pointwise, and conclude that {su, : n 2 1} has no weak limits.
This example demonstrates the essential role that continuity plays in Bochner’s and
Lévy’s theorems.
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