23. THE METHOD OF ROTATIONS

Calderon and Zygmund noticed that the Hilbert transform, and especially (77),
can be used to prove the LP boundedness of their kernels when Q € L!(A\gn-1;C) is
odd (i.e., Q(—w) = —Q(w) for w € SN~1). For example, set ky (x) = L, o) (|x])k(x)
for (x,y) € RY x (0,00). Then because

k(&) = lim e EX k(x) dx

R=oo Jy<ix|<R
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= lim Q(w) / e E@) Z dr ) Agv—rdw,
Rmroe Jgn—1 (v, R r

if Q is odd, one has that

— 1 1
— lim L wr(ew) L »
ky(§) Rh—%o 5 /SN?1 Qw) <~/y<|r|§Re . dr) Agv-1(dw)

- /SIH Qw)hy (€. w)) Agw1 (dw).

Hence,
(23.1) ky(€) = %T /§M1 QUw)hy (€, w)) Agn 1 (dw),
and so

Bl < T2z ool

2
In particular, we already know that

7r||Q||L1(>\~ -1;C)
lo*klzonmo < ——5——lelzowo:

The same trick as we just used allows us to prove estimates for general p € (1, 00).
Namely, again using the oddness of k, one can first write

ey =5 [ 0w ( / plxe rw)‘ff") Aov 1 (dw),

and then, after applying Minkowski’s inequality,

p
L dr
[0 * kellLr(r,ni0) < 5/ |Q(w)] (/ / o(x — rw) —
sy RN |Jjr|>y r

Finally, for fixed e € S¥~!, choose Euclidean coordinates for RY so that e points
in the direction of the first coordinate. Then

/RN /T>y<p(x—re)ir
:ﬂp/"‘/(/RHSO*hy(-7m2,...,xN)](x1)|pdx1>dx2-~-de

RN-1

<G [+ o e an )iy dnzday = (TCP el i

RN-1
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dX) )\SN—I (dw)
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which, together with the preceding, leads immediately to
(23.2) [l Ell Lo (3w i) < Fpllollzea,n o) for p € (1,00),

where K, = mCy Q| LA 1 :0)-
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