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LECTURE 24: THE RIESZ KERNELS

In a sense which can be made very precise, the basic C-Z kernels for RY are the
Riesz kernels r;(x) = chx‘wTiH, 1 <4< N, where

-1
cN = (z/ |w1|)\SN_1(dw)> .
2 SN—-1

Obviously, the preceding applies to each of these. To get a feeling for how
convolution with respect to r; acts, apply (23.1) to see that

1TCN

e = T [ wisen((6) dow- (o)

2

Obviously, 7; is homogeneous of degree 0, and so we need only worry about £ €
SN-L1. Given ¢ € SV1, write w = (w, )€ + wte. Then

/SN_lwisgn((f,w)) Agv—1(dw)
— £, w w wt€) sen w v (dw).
=& /SN_l |(w, &) d +/SN—1( )z g ((f, )) Asn—1(dw)

Because the integrand in the second term is an odd function of w ~~» (£,w), the
second term vanishes. Hence,

-~ L3
(24.1) ) =1 €€ R\ {0}.

To evaluate cy, observe that ¢; = £ is trivial. When N > 2, use

N3
/SN*I‘WI‘ Agn-1(dw) = OJN2/( lpl(1—p%) % dp

)

N-3 20.)]\7,2
:UJN,Q/ (].—t) 7 dt = ZQQN,M
(0,1) N -1

where Qx_1 is the volume to the unit ball in RN 1.
From the Riesz transforms one can build other kernels. For instance, recall the

kernels in (20.1). Because 0p,0,;0 = —(Agp) * G —&&p = |§\2G§2])¢, and so

4J

cMie) = -5 — Feme).

€17
Hence, ¢ * Ggg) = —(p*r;) *7;, and so
N
(24.2) o G o) < Cllllzran o) for p € (1,00).

Equivalently, we now know that

102,02, 0l Lo (a,n 10) < CollAQ| Lo (a,x ) for p € (1,00).
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