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Electromechanical

Flows




9.1

Prob. 9.3.1 (a) With aPl/én =0 and Txy=0’ Eq. (a) reduces to U= v+(v V‘M—)
Thus, the velocity profile is seen to be linear in x. (b) With 1}6:'\) =0

and Tyx=0’ Eq. (a) becomes

v(x)-—-?‘?_;g[( ) ]A

and the velocity profile is seen to be parabolic. The peak velocity

is at the center of the channel, where it is = (&787))?73% . The volume

rate of flow follows as

3 ’
6= waﬁvd(—%g;ggi—;-(%)- L] = e Y

Hence, the desired relation of volume rate of flow and the difference

between outlet pressure and inlet pressure, &P , is

Q =-WA be
! ::7< ) 792.['\’

x
Prob. 9.3.2 - The control volume is as shown >x _.'3
with hybrid pressure p' acting on the longi- f
tudinal surfaces (which have height x) and ]| X
shear stresses acting on transverse surface. P'(‘Q) '(%“Jg)
With the assumption that these surface stresses l - I
represent all of the forces (that there is no | 7%(0) +\ (o)1
acceleration), the force equilibrium is repre- é ‘44.4.4

sented by

/ , Ay
[ s di-e'tslx= (75 ¥ Ty dy- (9324, ()4

Divided by dy, this expression becomes Eq. (5)




9.2

Prob. 9.3.3 Unlike the other fully developed flows in Table 9.3.1,

this one involves an acceleration. The Navier-Stokes equation is
- - - = I =
(B VT +vp =v(,o%-v)+7v U +V-T (1)

With v = v(r) IQ, continuity is automatically satisfied, V-3 =0. The

radial component of Eq. 1 is

P
Y af = %(f)'ﬁ-‘?) + () (2)

It is always possible to find a scalar 8(1‘) such that F; = -Dg/b\“
2
and to define a scalar T(r) such that T = - 869/9)4!‘. Then, Eq. (2)

reduces to
S%—O gp'Ep+’T(r)+£(r)-—ﬁ§.F (3)

The 8 component of Eq. (1) is best written so that the viscous shear
stress is evident. Thus, the viscous term is written as the divergence

of the viscous stress tensor, so that the 8 component of Eq. (1) becomes

1P _ 2 v
v 55 = S (e tTee) v (T, +T) @

where

v

_rre = 7‘(%—;<-€-) ‘ ’ (5)-

Multiplication of Eq. (4) by r2 makes it possible to write the right hand

side as a perfect differential.

)P v (6)
39 é\- I ( +Tre)1
Then, because the flow is reentrant, DP7)9=O and Eq. (6) can be integrated.
2 d /v
Gl T v v ()= )

a second integration of Eq. (7) divided by r3 gives

A A\
[T (Gara-blp) o
3




9.3

Prob. 9.3.3 (cont.)

o
The coefficient C is determined in terms of the velocity 1* on the

outer surface by evaluating Eq. (8) on the outer boundary and solving

for C. q "erA 1} v@
C= ‘”+7< - (9

]l

This can now be introduced into Eq. (8) to give the desired velocity

distribution, Eq. (b) of Table 9.2.1.

Prob. 9.3.4 With Tr6=0’ Eq. (b) of Table 9.2.1 becomes

L . e 1)
v= 4 _ A [1} (1@ r 1}‘3<—'-——-] (
The viscous (s/tsress ?ol>lows as
> 8 (2)
7 ;Y‘( ) jY‘ ﬁ)(:’t}ﬁ_ :2'3:()

Substituting 1} dﬂ and 1)5 , at the inner surface where r —ﬁ this
B Y

becomes
v

K

The torque on the inner cylinder is its area multiplied by the lever-arm

(-O-L Q) (3)

5 and the stress Tre'

T=Gmwae)g(T, 6)_-4ﬂ@>W7d (4)

(25 (-0
A
Note that in the limit where the outer cylinder is far away, this becomes

T=-4me vy (0 -0)) C®

a

(b) Expand the term multiplying v
-1

in Eq. (1) letting r = ﬁ*\-?l, v < R

4
so that r g(l//g -Y"/Az) . In the term multiplying v8 |, expand Y= &-¥ ’

so that r-l=(|/d. +Y”/dz) . Thus, Eq. (1) becomes

Ry J‘-“———[v“alé\:' +0420]

(A-3) (d+B) (6)
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Prob. 9.3.4(cont.)

The term out in front becomes approximately d/(d-ﬂ)a .
Thus, with the identification e x , . A-X and OG-@->4 the

velocity profile becomes
o/ X X -
#= v (3)+ 070 - %) @

which is the plane Couette flow profile (Prob. 9.2.1).

Prob. 9.3.5 With the assumption v = v(r)iz, continuity is automatically

satisfied and the radial component of the Navier Stokes equation becomes

=2 () +F(0) 3 Fos -‘al_‘i: v

so that the radial force density is balanced by the pressure in such a way

that p' is independent of r, where p'S P—/aa-? + E .

" Multiplied by r, the longitudinal component of the Navier Stokes equation

is

Do’
v =D /T D (¢ 22 (2)
o2 ;Y‘(T '3") ¥ 7 s (T QY) _

This expression is integrated to obtain

M At 2 s
-_'5-3%_(“‘ -ﬁ)=f—rzr-ﬂ_r{i+7 *%—ﬂ(%}] (3)

A second integration of this expression multiplied by r leads to the

velocity v(r)

A} _ . A .
L2 |46 (B | Tardea T R0 )

in terms of the constant (DU‘/)“)@ To replace this constant with the
velocity evaluated on the outer boundary, Eq. (4) is evaluated at the

outer boundary, r = & , where 1}:-‘15“ and that expression solved for (bv'/ér)a
Substitution of the resulting expression into Eq. (4) gives an expression

that can be solved for the velocity profile in terms of ‘l}d and 'I/‘/: Eq. (c)

of Table 9.2.1.
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Prob. 9.3.6 This problem is probably more easily solved directly

than by taking the limit of Eq. (c). However, it is instructive to take
d

the limit. Note that 'I'zr=0, v =0 and d=R. But, so long as 1}'8 is

2
finite, the term ﬂL(f/ﬂ)/j.,(d/ﬂ) goes to zero as 4—+0. Moreover,

Do & Il f8) () = S o [ () ()] _
(e B L () =dm(6)]

so that the required circular Couette flow has a parabola as its profile

o (o
v 4—7;1(T"R>

(b) The volume rate of flow follows from Eq. (2)

R
4,
= \Va d :-—E-'Réf_z—;“_ 4bp
Q, S Travs = 87R_)'(-
o

where Ap is the pressure at the outlet minus that at the inlet.

Prob. 9.4.1 Equation 5.14.11 gives the surface force density in the

form

(T =c(egqr- 6501)_35__ =1, h)
: | + Sg

Thus, the interface tends to move in the positive y direction if the upper
region (the one nearest the electrode) is insulating and the lower one is

filled with semi-insulating liquid and if S_ is greater than zero, which

E

it is if the wave travels in the y direction and the interface moves at
a phase velocity less than that of the wave.

For purposes of the fluid mechanics analysis, the coordinate origin
for x is moved to the bottom of the tank. Then, Eq. (a) of Table 9.3.1
is applicable with vp =0 and vd = U (the unknown surface velocity). There
are no internal force densities in the y direction, so Tyx=0. In this

expression, there are two unknowns, U and ;1’733 . These are determined
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Prob. 9.4.1 (cont.)

by the stress balance at the interface, which requires that

AV —
p 2% = 1, (2)
IX L _,
and the condition that mass be conserved.
b
S 1}% dx=0 (3)
o .

These require that
7 b vl .
- > (4)
3 r =

LR B B
NEFRIEY
and it follows that U= b1, /*7 and OP /33—3-\- /35

>
2

so that the required velocity profile, Eq. (a) of Table 9.3.1 is

J = bTo 35.(32‘. _3)
Prob. 9.4.2 The time average electric surface force
density is found by adapting Eq. 5.14.11. That 60,0- < l'a>
—_— ¢

4 - ' l
configuration models the upper region and the infinite — ]
half space if it is turned upside down and 2 ¢, G-—»a, . = ° S - o’

. % L

E.—~€, €,—~+€, , Ta—* G , g ,— 0 and b —» @, Then,

(T =-LeltllKeo S
| Ty s

where
SEE w’T’ (\-EE
Y. = Gco'\'k%a-»éo
€ T coth Ra (&>0)

K = { sinh Rafe coth Ra + €, Lo coth Qaz}

Note that for [l >|PCU|, the electric surface force density is negative.
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Prob. 9.4.2 (cont.)
With x defined as shown to the right, Eq. (a) of
Table 9.3.1 is adapted to the flow in the upper section
ol —
by setting 1} :U,‘l}ﬁ:o'b—»r.\ and | =

so that

'v(;«)=U%‘:+§;%§[ X1

From this, the viscous shear stress follows as

SR e sl o

Thus, shear stress equilibrium at the interface requires that

(2)

(3p7dy = (p'-P)/4) @, 0w
<>, = S, (x=e)= 2T a(p-d) @ @y,

Thus,
a PR
='7’< z——g?(————“olp) (5)
and Eq. 2 becomes

= & ______(P" ) X 0~ E [ r/x X
U(x) [7<T‘3 29 4 Sl 27} [(‘: ‘Z] ©
It is the volume rate of flow that is in common to the upper and lower
regions. For the upper region
Q, = S'D(*)Ax = E’”<T‘&>; -(P-p)o )
A 7 £ 3
In the 1 ion, wh - b, VP= - - ,
n e lower region, where A 5 I 7} = I T‘éx -0
Eq. (a) of Table 9.3.1 becomes ( p. ™ P' and Pz ~ P" )

b o XN 8
E;<P1P)[<_\;.>_%] ®

Thus, in the lower region, the volume rate of flow is

l

]
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Prob. 9.4.2 (cont.)
b

3
Q = X’t}(ﬂéx = -5 (p'-P) 9)
v YN

Because Qv in the upper and lower sections must sum to zero, it follows

from Eqs. 7 and 9 that 2

E(_:_P_z- %-7<T‘@>3‘ - Co <T‘&>t1

A o3 B 4o + b (10)
39 124

This expression is then substituted into Eq. 5 to obtain the surface

velocity, U.

& 3&+b

U=7[4a +b’]<T> (v

Note that because <?Y;Q is negative (if the imposed traveling wave of potential
travels to the right with a velocity greater than that of the fluid in that same
direction) the actual velocity of the interface is to the left, as illustrated

in Fig. 9.4.2b.

Prob. 9.4.3 It is assumed that the magnetic skin depth is very short
compared to the depth b of the liquid. Thus, it is appropriate to model
the electromechanical coupling by a surface force density acting at the
interface of the liquid. First, what is the magnetic field distribution
under the assumption that 1}1(<CJ/& » S0 that there is no effect of the
liquid motion on the field? 1In the air gap, Eqs. (a) of Table 6.5.1 with

0 =0 show that

Aa l Ao
Hx A7 c oth Ba sinh fa H‘)
A% |= T3 b (1)
e TR cothfal| H,
tn

while in the liquid, Eq. 6.8.5 becomes
AC
AC
He =5 (4R Hy @

Boundary conditions are
A Q

N LS Ac A
sz -Ko,/uoHﬁ =/MH" )H‘}: H‘} (3)
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Prob. 9.4.3 (cont.)

Thus, it follows that

QK /{s.nhﬁa -%S +3(c6“|nﬁm+|ﬂ$/‘j} @

It follows from Eq. 6.8.10 that the time

average surface force density is

QeI o

Under the assumption that the interface remains flat, shear stress balance
at the interface requires that 2
) “
7[37}]_1/‘}@; | K. | (6)
X PN {(—-LEE )-\-(cdkﬁa-\- %5&)?_}

The fully developed flow, Eq. (a) from Table 9.3. 1, is used with the bulk

d .
shear stress set equal to zero and v =0. That there is no net volume rate

of flow is represented by

2= 5 de )
4 VY
So, in terms of the "to be determined" surface velocity, the profile is
— x _
’95—3(15 3>(> ®)

The surface velocity can now be determined by using this expression to

evaluate the shear stress balance of Eq. 6.

713)‘] __Z.'l} (9

Thus, the required surface velocity is

= uRsh | Kl ()
167 sowBal (LR34 s (cothbas 1852 7]

Note that ﬁ;ﬂ/ﬂ, € { 1, this expression is closely approximated by

e_ ur3s IR
v /7@7 cosh® Ra (1)
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Prob. 9.4.3 (cont.)

This result could have been obtained more simply by approximating HZ?CO in

Eq. 1 and ignoring Eq. 2. That is, the fields in the gap could be approxi-

mated as being those for a perfectly conducting fluid.

Prob. 9.4.4 This problem is the same as Problem 9.4.3 except that

the uniform magnetic surface force density is given by Eq. 8 from

Solution 6.9.2. Thus, shear stress equilibrium for the interface

requires that

SR =4 1S g

ey
Using the velocity profile, Eq. 8 from Solution 9.4.3, to evaluate Eq. 1
results in
A 2
dz/uo{’\Hlig (2)
¢ °l @ !

/6%

Prob. 9.5.1 With the skin depth short compared to both the layer

thickness and the wavelength, the magnetic fields are related by Eqs. 6.8.5.

In the configuration of Table 9.3.1, the origin of the exponential decay is

the upper surface, so the solution is translated to x= 4

and written as
P A

o . a
- (+3)(x-8)/3  2d . o
Hy= Hy e ™ ; Be= 5 (1-3)8u ¥ H, (1)
It follows that the time~average magnetic shear stress is

~al Ad X AP B :(X“A)/S
= LGB = L s BT

This distribution can now be substituted into Eq. (a) of Table 9.3.1 to

(2)

obtain the given velocity profile. (b) For 3/8= 0.1 , the magnetically

induced part of this profile is as sketched in the figure.
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Prob. 9.5.1 (cont.)

Prob. 9.5.2 Boundary conditions at

the inner and outer wall are
A0 A AL
He:—I&D;HB:O

Thus, from Eq. b of Table 6.5.1, the

complex amplitudes of the vector

potential are

(1)

A= uFa(bax)K, o A= uCu(b,aX)K,

A
In terms of these amplitudes, the distribution of A(r) is given by

Eq. 6.5.10. 1In turn, the magnetic field components needed to evaluate

the shear stress are now determined.

A

fi=- 4 44 =50 A" B ) 399 - 3. GYON o]

o A 13n RN G- N ¥ T G o]

1 v ! ¥
B -
n i
d
N _
A E .
B .
2 P )
0 ] ] | i
o 2 4 .6 .8 |
BRI 5 78))—
(2)
A (3)
[ Ha %) I (38) = 3. (3 ¥0) W (§¥)]
| BuG¥8) T (1)~ Hon (33) 3. D) .
4
(5)

and the velocity profile given by Eq. b of Table 9.3.1 can be evaluated.
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Prob. 9.5.2 (cont.)

d a8
Because there are rigid walls at r=a and r=b, Y =0 and V' =0.

TR RV a(v ) JT«»&\» 7J"Erc;\. ©
7

b

The evaluation of these 1ntegrals is conveniently carried out numerically,
as is the determination of the volume rate of flow Qv For a length /Q in

the z direction,
o

szﬂ Svér (7
b

a
Prob. 9.5.3 With the no slip boundary conditions on the flow, U} =0 and

L .
'\9 =0, Eq. (c) of Table 9.3.1 gives the velocity profile as

W')=:,,‘7§E](r ) (of L‘)M“)] XT drs ;}&{; g [ de @
71°¢

To evaluate this expression, it is necessary to determine the magnetic stress

distribution. To this end, Eq. 6.5.15 gives

=A [ HGY T (¥0)-T,Gub) e W, G¥o)]
[ H GIDT, (3¥0) =3, (¥ W, (3¥a) ] | 2)
+ N3G YR) e Hu(g¥n)-B o) s 3, ()]
ehere L3, (3% Hi(5ud)-1,(3¥) 3, (330)]

-4k A

and because \—\%: (l/r)BA/;r, H_ follows as
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Prob. 9.5.3 (cont.)

A LA GIILE)-T, GYIW (¥0]
[H, GYHT, )T, GR W, (9 ]

(4)
'3

+ A S (38=) H,(gKr)— H‘(a‘b’c.)l',( a‘Kﬂ]
[3, GEIHGIR-HG¥3, (530

Here, Eq. 2.16.26d has been used to simplify the expressions.

Boundary conditions consistent with the excitation and infinitely

permeable inner and outer regions are
A A A
iy =K 1 iy =0 ®
2 - B | T

Thus, the transfer relations f of Table 6.5.1 give the complex amplitudes

needed to evaluate Eqs. (3) and (4).
o Ao Al A
Az‘%‘" ASF(E)Q)X)K =A= %(BaX)M (6)

and the required magnetic shear stress follows as

Toe = 5 & B,

(7

The volume rate of flow

gradient and magnetic pressure

(XX NG O e
is related to the axial pressure ;)

/u;Ki by integrating Eq. (1).

<N

Q,= 51)\. amede @

b

Prob. 9.6.1 The stress tensor consistent with the force density F i is
- o}

a
Tyx=Fox' Then, Eq. (a) of Table 9.3.1 with v = 0 and v8= 0, as well as

Dp'/é.ar.o , reflecting the fact that the flow is reentrant, gives the

e U= OGN WS 99 W

- = =

‘- —« ﬁ ~ .r

(\ 4
" s s
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Prob. 9.6.1 (cont.)

velocity profile
E S

v= -+ \FExdx’s 2 F 4 =Fobl - X (l)
750 75 ©= 2R

For the transient solution, the appropriate plane flow equation is

/aév F, + 73_;_7.} 2

X2
The particular solution given by Eq. 1 can be subtracted from the total

solution with the result that Eq. 2 becomes

DV LY, (3)
3t 7;x=‘°

Solutions to this expression of the form V(X)exp s, t must satisfy the

equation a

[ LA 2
?kg_)\{_;-‘ + \6,‘ V“: 0 where \6” = "ﬂ'%"‘ (4)

The particular solution already satisfies the boundary conditions. So must

the homogeneous solution. Thus, to satisfy boundary conditions U(qt):o,v(A,t)--D :

TN

-0,;21% Ve aim (¥, %) ot A (5)
n=/t

To satisfy the initial conditioms, '1% (x,o):]%“.‘-\v ﬂh(x'o)go and so

Lad A
. Q,t z
E(R’Vn,om(\&,,ﬁ)e :“EA X(l_z}_> ()
-_ A o
n=i 24 A
Multiplication by sin (muwx/4) and integration from x=0 to x= & serves to
evaluate the Fourier coefficients Thus, the transient solution is
- 7(nll’5‘]t
— el - I- a
1}(x,'t)" )(| A) ’ )Am (ﬂé)c P (7
“)’S 7.3

Although it is the viscous diffusion time that determines how long

is required for the fully developed flow to be established, the viscosity is
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Prob. 9.6.1 (cont.)

not‘involved in determining how quickly the bulk of the fluid will respond.
Because the force is distributed throughout the bulk, it is the fluid inertia
that determines the degree to which the fluid will in general respond. This
can be seen by taking the limit of Eq. 7 where times are short compared to
the viscous diffusion time and the exponential can be approximated by the

2
first two terms in the series expansion. Then, for (74?)<WT/AW t< < 1,
oo

2 F, [—Cmn¥y .
19(x,-t)—'[ ;z — )W"‘L"]t | ®
(

n=l

which is what would be expected by simply equating the mass times accelera-

tion of the fluid to the applied force.

Prob. 9.6.2 The general procedure for finding the temporal transient
outlined with Prob. 9.6.2 makes clear what is required here. If the
profile is to remain invariant, then the fully developed flow must have
the same profi.: as the transient or homogeneous part at any instant.
The homogeneous response takes the form of Eq. 5 from the solution to

Prob. 9.6.1. TFor the fully developed flow to have the same profile

requires
2
F, (2N .
= n (| — ny )
1’:{4 —7(\”) (Ax (1)
where the coefficient has been adjusted so that the steady force equation

is satisfied with the force density given by
- anm (NI (2)
FD - FV\ ( Fay x)

The velocity temporal transient is then the sum of the fully developed and
the homogeneous solutions, with the coéfficient in front of the latter

adjusted to make v(x,0)=0.

-
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Prob. 9.6.2 (cont.)
kX A‘nt kA
-3 F A . n — ' = - 21
1’ —_ (‘-ET ﬁ“ﬂ*‘j; X-( | € ) B fln = _;l ( =~ (3)

7 n /a
Thus, if the force distribution is the same as any one of the eigenmodes,

the resulting velocity profile will remain invariant.

Prob. 9.7.1 The boundary layer equations again take the similarity form

of Eqs. 17. However, the boundary conditions are

1,(0,4)= 09 H0)=0 ;R (04)=Ug(0)=-2 ;% (@4)=0 (@) >0 (D
where U now denotes the velocity in the y direction adjacent to the plate.
The resulting distributions of f, g and h are shown in Fig. P9.7.1. The

condition as ?—900 is obtained by iterating with h(0) to obtain h(0Q) =

Thus, the viscous shear stress at the boundary is (Eq. 19)
\ U 2
S (O,g)=zv7 (2= h(o)= @
yr 74
and it follows that the total force on a length L of the plate is

L ——
R

o
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Prob. 9.7.2 What is expected is that the similarity parameter, $>, is essentially

‘ 4
i '.YL ___\\{c_:__x 1)
Te 7T
where ’7; is the time required for a fluid element at the interface to reach

the position y. Because the interfacial velocity is not uniform, this time

must be found. In Eulerian coordinates, the interfacial velocity is given by Eq.

2 A

BRT O DRI b PR PT A @
Y, = Ky ,K—(/,7) *

For a particle having the position y, it follows that

dy - RyP o %} - 1R 44 3)

9.7.28.

44 3
and integrat%;n-%}ves T, 2 ék
J.%Jé‘aﬂ{g‘“ » T.=33/1 %)

ives 53

Substitution into Eq. 1 then |
Y -3
)*l‘v‘ _ | 2@z ( °é) x4 )
Ty 3 /

In the definition of the similarity parameter, Eq. 25, the numerical factor has

been set equal to unity.

as e

. N .
: ,
K ’ 3

.y ..
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Prob. 9.7.3 Similarity parameter and function are assumed to take

the forms given by Eq. 23. The stress equilibrium at the interface,

Syx(x=0) = -T(y), requires that
an "
“To R e
Toytapelay™
(48
. R -
so that mt2n=k and 7C. C, =:Y;/GL . Substitution into Eq. 14 shows

(1)

that for the similarity solution to be valid, 2m+2n-1 = m+3n or m=nt+l.
Thus, it follows that n=(R-1)/3 and = (R4+2)/3 . 1f (7//.av)(c| lc) = -1,
the boundary layer equation then reduces to

{"ﬁ. (:%-n)(g')‘_‘_mﬁ":o (2)
which is equivazi’Lent to the given system of first order equations. The only
boundary condition that appears to be different from those of Eq. 27 is on
the interfacial shear stress. However, with the parameters as defined,

Eq. 1 reduces to simply \1(0)=-1.

Prob. 9.7.4 (a) In the liquid volume, the potential must satisfy Laplace's
equation, which it does. It also satisfies the boundary condition imposed

on the potential by the lower electrodes. At the upper interface, the
electric field is E = \/b%/l:, which satisfies the condition that there

be no normal electric field (and hence current density) at the interface.

(b) With the given potential at x=a, the x directed electric field is the
potential difference divided by the spacing: Ex= [—\/blf/::b".;.\/a%z;);’ 1/0\
Thus, the surface force density is T:E,Ean':(G,VA/QUo.)(Va-V;)93. (c) With

the identification -To/ap“;y(QV“/pL‘a)(\(‘-\Oand k=3, the surface force density takes

the form assumed in Prob. 9.7.3.
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Prob. 9.8.1 First, determine the electric fields and hence the

surface force density. The applied potential

can be written in the complex notation as 1 (<)
-8 Y4

§§=&a\é°.(€a l3.+ Ca %) so that the desired ”o. N

standing wave solution is the superposition V\: ((:;

of two traveling wave solutions with ampli-

of
tudes §+=V,/2. Boundary conditions are

$=0, 38 -0l =L @
And bulk transfer relations are (Eqs. (a), Table 2.16.1)
&) [ehas o
== ~ (2)
! Eij " e i s?n‘h Ao C°’”‘/—‘»°~_ _@JJ
[E¢] [ —cothpgb ?‘—"L;Z-bﬂ ’ie‘
~§1 =0 ~ (3)

_;‘__ coth b
L L swmha@b “ _1_@J

It follows that

@e: \/° Oy

(&)
o S‘NH(&L (0~°~ '\'an\-\(@,q +G—b C.o+|'l (3&)
where then :
4 3° e
~e ~e x ~e
E,=48% € B = S ;&Ex:&& Sa (5)
coth B coth @ o

~ re
Now, observe that Ex and § are real and even in @ while EZ is imaginary

and odd in ,3 . Thus, the surface force density reduces to
\%—— KEX‘*—GBE)‘*’)éEE‘* Qn\n aﬁlé (6)
and evaluation gives _\-:& = 1, sn Ry

2 k3
1, = ya Y, o (emcl - €,0;) (7
3 5inh'@b (03 Aanhga + Ty coth@bY coth ga

-’ - - a

- { .-‘

- _ - ‘
) < n A
i A
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Prob. 9.8.1 (cont.)
The mechanical boundary conditions consistent with the assumption that gravity

holds the interface flat are

3:=O’&;:0)1}j=0)a:= o, &:: {i: , &froj’v; =0 (8)
Stress equilibrium for the interface requires that
T, + Sy, - S, =0 o
% 9 94X
In terms of the complex amplitudes, this requires
e
i'}l; + é:.x?. B ngi =0 (10)

With the use of the transfer relations from Sec. 7.20 for cellular creep

flow, Eqs. 7.20.6, this expression becomes

~d
.‘..-T o \) _
—332 + (7.; P44 - 75P:<>3>7y3+_ =0 L
and it follows that the velocity complex amplitudes are
nd T.
1? } = ¢ a 2_( o F)\:)
7"'-PQ4— 75 32

The actual interfacial velocity can now be stated

(12)

~ _'ﬂ ~ . | 2
1}%._.5%(1%* i 63@‘3>: _T, Sin Ry TS
70 Paq * s Py

where, from Eq. 7.20.6,

Pk . [—'& sinh 4g8a —ﬁa] 843
4 [ sink? zeo- (36 |
L S.'\I sinh 4gb -ﬂb]g@

P 7 [ sink'2nb-(zaL) ]

Note that P44 and P, are positive. Thus, -

33

+

7
the coefficient of sin 28y is positive — % < P 7 -
4 N
and circulations are as sketched and as would G a .é s
A

be expected in view of the sign of O and Ez

at the interface.
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Prob. 9.8.1 (cont.)

Charge conservation, including the effect of charge convection at the interface,

is represented by the boundary condition

d
. T, o'E = [(6 E QBE:)'J%]=O (14)
The convection term will be negligible if
€ " 15
U,R <1 (15)

where €/cr is the longest time constant formed from e&)eband Ta T
(A more careful comparison of terms would give a more specific combination
of € 's and o 's in forming this time constant.) The velocity is itself a
function of three lengths, 2W/8 , a and b. With the assumption that ga
and /gb are of the order of unity, the velocity given by Eqs. 13 and 7 is
typically e(a V,)’-/Zé and it follows that Eq. 15 takes the form of a

condition on the ratio of the charge relaxation time to the electroviscous

time.

€ /7  ¢¢1 ' (16)

Effects of inertia are negligible if the inertial and viscous force densities
bare the relationship

l/ovvvl«'plvvl?f’%ui 17
With the velocity again taken as being o£7the order of € ((3V:)/€z3, this
condition results in the requirement that the ratio of the viscous diffusion

time to the electroviscous time be small.

- <<t (18)
7(3 @Y,y €

- O =

i '
. b
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Prob. 9.9.1 The flow is fully developed, so E;v‘s(,‘)fg

Thus, inertial terms in the Navier-Stoke's

equation are absent. The x and y components of 0 2 22
e o
that equation therefore become 4
S
ﬁ ° SR
7 b + 0 (E = U wmoHy) 4, H, (2)

Because Ez is independent of x, this expression is written in the form

44 M) U, =(2B L 3
_&_xbz—g;_(/lo o) 5_(5%_0-/.,“,,)7 (3)

so that what is on the right is independent of x. Solutions to this expression
that are appropriate for the infinite half space are exponentials. The growing
exponential is excluded, so the homogeneous solution is exp -¥x where X-—/I,HV

The particular solution is (“—E‘i'o'/‘oH Fg}/]‘(/‘o o\ The combination of

these that makes v =0 at the wall where x=0 is

= (om, M, E, Qﬁ)( ) @
o*(mH.Y o
Thus, the boundary layer has a thickness that is approximately Y .

Prob. 9.14.1 There is no electromechanical coupling, so & =0 and Eq. 3

becomes p= —(0%(:(—%) . Thus, Eq. 5 becomes p+/«?%x ={0‘3? and in turn
. » 1 % _
B dds (%% +"%g) Y3y =© )
Because /] = f—_—;—_ ,» Eq. 9 is
é _ W» O 2
3+ 3D - @
In the steady state, Eq. 2 shows that
(§ - 2)1}.2 ﬁwv"o 3)
while Eq. 1 gives
2 2 \ ‘
[ [ =< 0V
Combined, these express1ons show that

'H-z(’? 15‘3,) +{a%'§‘-_€/pwﬂ +/a§‘% (5)

The plot of this function with the bottom elevation - (y) as a parameter is




9.23
Prob. 9.14.1 (cont.)
shown in the
figure. The
Flow condi-
tions
establish the
vertical line
along which

the transi-

/
. 7
tion must 0
e vy
evolve. //__f f ?
Ve

Given the 7
//
bottom ele- /
/
vation and ,/
/7
hence the 1 2
F—- Eﬂoqb*V°%€;> k’ »
particular curve, Fig. 89.14.1

the local depth follows from the intersection with the vertical line. If
the flow is initiated above the minimum in H( € ), the flow enters sub-
critical, whereas if it enters below the minimum ( i‘(ﬁl), the flow enters

supercritical. This can be seen by evaluating
AH_O > (5. - :_?;7}; (8)
and observ1ng that the cr1t1ca1 depth in ;Ee figure comes at
(£.-2) Voo
lw Va(3-3)

Consider three types of conservative transitions caused by having a

€))

\(

positive bump in the bottom. For a flow initiated at A, the depth decreases
where :: increases and then returns to its entrance value, as shown in
Fig. 2a. For flow entering with depth at B, the reverse is true. The

depth increases where the bump occurs. These situations are distinguished

- . s
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Prob. 9.14.1 (cont.)

by what the entrance depth is relative to the critical depth, given by

Eq. (9). 1If the entrance depth EiL is greater than critical, (ic;-EZ),
then it follows from Eq. 9 that the entrance velocity, ﬁw )is less than
the gravity wave velocity&3(€£:E3for the critical depth. A third possi-
bility is that a flow initiated at A reaches the point of tangency between

the vertical line and the head curve. Eqs. 3 and 8 combine to show that

V= {oG-T) (10)

Then, critical conditions prevail

at the peak of the bump and the flow

can continue into the suberitical

regime, as sketched in Fig. 2¢. A

similar super-subcritical transition

is also possible. (See Rouse, H.,

Elementary Mechanics of Fluids,

Fig. $9.14.2

John Wiley & Sons, N.Y. (1946), p. 139.

Prob. 9.14.2 The normalized mass conservation and momentum equations are

Mo 3 L, (L
% Ty

IN(3% . 3% 1 3%\, _ _ @
(G o3z AR )R -

oV Y wd3Y L dp _ ¢)
521*1}"3#*' *3Sy T3y T°

Thus, to zero order in (d[l)z, the vertical force equation reduces to a
static equilibrium; p = -/% (X —f) . The remaining two expressions then
comprise the fundamental equations. Observe that these expressions in them-
selves do not require that vy=vy(y,t). In fact, the quasi-one-dimensional
model allows rotational flows. However, if it is specified that the flow

is irrotational to begin with, then it follows from Kelvin's Theorem on
vorticity that the flow remains irrotational. This is a result of the

expressions above, but is best seen in general. The condition of irrota-
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Prob. 9.14.2 (cont.)
tionality in dimensionless form is
2
<fi:) ;]%‘ = Eilil (&)
70y S X

and hence the quasi-one-dimensional space-rate expansion, to zero order,

requires that vy=vy(y,t). Thus, Egs. 1 and 2 become the fundamental laws

for the quasi-one-~dimensional model

Y

B; +.__él " X (5)
EACHERY | o Vu ..E (6)
st ¥ 43,

with the requirements that p is determlned by the transverse static

equilibrium and vy=vy(y,t).

Prob. 9.14.3 With gravity ignored, the pressure is uniform over the liquid

cross-section. This means that it is the same pressure that appears in the
normal stress balance for each of the interfaces. 2
z

L (Vay V

Lle-ed(2) =-p= S(€-6) (= 1)

2 ) 3% °
It follows that the interfacial positions are related.

B3, = oS, (2)

Within a constant associated with the fluid in the neighborhood of the origin,

the cross—-sectional area is then

=T ( )‘*'-“s (:rr> = _(H- >§: | (3)

or essentially represented by the variable ?;'. Mass conservation, Eq. 9.13.9,

gives ?-?—. . -—’ (vg ) o

dt (4)
Because the pressure is uniform throughout, Eq. 9.13.3 is simply the force
balance equation for the interface (either ome).
z
p=-k(e-e) e (5)
~ dil

Thus, the force equation, Eq. 9.13.4, becomes the second equation of motionm.

o Va (6)
f(b >+ (€- 6) z(?zv)bil o

3

- - -
- B N Il i
. h . ! !

-
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Prob. 9.16.1 Substitution of Eq. 8 for T in Eq. 2 gives

-¥
vA \ I3 z
—_— LY =cC -L J (1)
R «voA.J * =z PV, * °

Manipulation then results in

(%)(_ﬁ_) {\ + vaT['f (%) ]} @

kS
A xPnS* ¥R -)Mo (3
2¢,T, T 2CRY, zc,M° 2c,, M = )'—

where use has been made of the relations \6; CP/CV and R=c_-c_ and it follows
p Vv

Note that

that Eq. 2 is i

(—-— (.A.J {l +(K-|3M =1 - (—u }‘-K (4)

so that the required relation, Eq. 9, results

Prob. 9.16.2 The derivative of Eq. 9.16. 9 that is required to be zero is

d (AR __(_J){.m DUATRED ]K/" “’ (1)
|

A(v/v, — -
]t
+ M, { |+ (K—n)_’*,g_-;[g -(%) ]}

This expression can be factored and written as

) i
C&(A/F\o :(“_{_){I 4 (¥- - M, [(_(-d)]} .
T (3/,) T\ -
2 =1
YU\ pmE ¥-i) ¥
{-—! +<—17°)M.,[' + ’_*"53[1 ) ]] }
By definition, the Mach number is
oz
M =Z — ! o = ) (3)
JEE? ) JKKTL
Thus,
M _ v -To
T uo\r—l: )
Through the use of Eq. 9.16.8, this expre581on becomes
|+ (%- ,)M [l, z ]\ (5)

Substitution of the quantlty on the left for the group on the right as it
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Prob. 9.16.2 (cont.)

appears in Eq. 2 reduces the latter expression to |
-

4 2 .
A(H/Ao) ( ){l‘i‘(xl)M [‘_(__ Ki (—l-«\vM) '
Thus, the derivative is zero at M = 1. l
Prob. 9.16.3 Eqs. (c) and (e) require that l
d L2
() = - & (37) R |
so that the force'equation becomes
dp _ du o _od (L)) = pc d @ \
'gg"‘fﬂj‘é—/‘ag—z(z ) R vy i
In view of the mechanical equation of state, Eq. (d), this relation becomes
d% =T PR \_y/oe\z( ) (f P‘\‘o-) (3)

P Az

With the respective derivatives placed on opposite 81des of the equation,

this expression becomes

¥de - d (4)
: - &

and hence integration results in the desired isentropic equation of state.

= <.,/§ ).X (5)
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Prob. 9.17.1 Equations (a)-(e) of Table 9.15.1 with F and EJ provided

by Eqs.5, 7 and 8 are the starting relations
Fv/q =/aa1yoAa
dut | do - _ gur'()-
f”’-&-i +d% = (l ]{)

pd (T aivY) = —o v (- K)K

P-_- /0R—Y
That the Mach number remains constant requires that
2 [
WERT = M

and differentiation of this relation shows that

204V =¥ RMdT .

Substitute for /9 in Eqs. 2 and 3 using Eq. 4. Then multiply Eq. 2 by -K

and add to Eq. 3 to obtain

2 d C
L (-RGEW-KE + S8 o,

In view of the constraint from Eq. 5, the first term can be expressed as

a function of T

_ 1z IRM.1dT dp _
L]+ (1-R) [Sx-Keg-=o0

2 T AR
Then, division by p and rearrangement gives
d.f[]: = féfi
T P
where
¥ l 2
= 1 - Ls-OM: (1R -
°"1§(x-:)1' = (5-1) )]
Hence, d
£=(T)
Po T

In turn, it follows from Eq. 4 that

—_ 4=l
£.= (=)

(1)

(2)

(3)

(4)

(4)

(5)

(6)

)]

(8)

(9

(10)
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Prob. 9.171 (cont.)

The velocity is already determined as a function of T by Eq. 4.

=
4 \jl (11)
v, T
Finally, the area follows from Eq. 1 and.-these last two relations.
- d-3
A _ (.._"_.) (12)

The key to now finding all of the variables is T(z), which is now found

by substituting Eq. 11 into the energy equation, Eq. 3
o -3/2

(T2 T) (=2 C-REK - w

This expression can be integrated to provide the temperature evolution with z.

R R Y6 3) SRR N RS

— (14)
. (T, +4 ¥ 2,

-]

Given this expression for T(z), the other variables follow from Eqs. 9-12.
The specific entropy is also now evaluated. Equation 7.23.12 is evaluated

using Eqs. 9 and 10 to obtain -
S - 5o e vl [E)

Note that CVY_OL-X(d'I)]r Cp—"LR.

-

,‘
|
. . -

- R -

3 R
\ . B
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Prob. 9.17.2 First arrange the conservation equations as given.

Conservation of mass, Eq. (a) of Table 9.15.1, is

£§5Q¢UF“>: f\(k’i 4.ﬂ_Jf) (41) Af‘ -0 (1)

Conservation of momentum is Eq. (b) of that table with F given by Eq. 9.17.4.

/ow% 4 %% - o B(E+VU®) )

Conservation of energy is Eq. (c), JE expféssed using Eq. 9.17.5.

d Coey 3
Ve (T +5vY) = -0E(E4vB) )
Because ‘6=CP/CV sy R=Ce-Cy , and M‘=v‘/x R , this expression becomes

32 3 I (4)
B A

The mechanical equation of state becomes

. p ,Vde v dT
P=pRT =& * o T )
Finally, from the definition of M2
zf / !
Y
¥ Z_ bﬁT MZ T v

Arranged in matrix form, Eqs. 1,2,4,5 and 6 are the expression summarized in
the problem statement.
The matrix is inverted by using Cramer's rule. As a check in carrying out

this inversion, the determinant of the matrix is

Dt = (I-MOM P ™
¥-1

Integration of this system of first order equations is straightforward if
conditions at the inlet are given. (Numerical integration can be carried out using
standard packages such as the Fortran IV IMSL Integration Package DEVREK.)

As suggested by the discussion in Sec. 9.16, whether the flow is "super-critical"
or "sub-critical" will play a role in determining cause and effect and hence in
establishing the appropriate boundary conditions. When the channel is fitted into
a system,_it is in general necessary to meet conditions at the downstream end.
This could be done by using one or more of the upstream conditions as interation
;ariables. This technique is familiar from the integration of boundary layer

equations in Sec. 9.7.
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Prob. 9.17.2 (cont.)

If the channel is to be designed to have a given distribution of one of
the variables on the left, with the channel area to be so determined, these
expressions should be rewritten with that variable on the right andlﬂt/h on

the left. For example, if the mach number is a given function of z, then the

_ , . ,
last expression can be solved for H,/A as a function of (N‘) / M , cB(E+UB)

and CE (E -H)B) - The other expressions can be written in terms of these same

variables by substituting for A'/H with this expression.

/
Prob. 9.17.3 From Prob. 9.17.2, A =0 , reduces the transition equations

to | I=c(E r+uw)].

.- _ e -
£ -1 - (¥-1)

° P TP

% sl 0] “sz(i"). I8

_1_}_.1 = ——I—-; 4 X - (1)
|- P fvp

T’ 2

T -m (Y- -(K")((Mz“) ET

<_"‘_‘;) M-NEZ (¥ma) (X))
\.M J L P K?‘]} 4L J

2
(a) For subsonic and supersonic generator operation, M§ { ana IRY>O

while EJ3< 0O . Eq. la gives iﬁ:G(E +UB)1

£ olaser (K}')‘Eh-;’l‘)pv (F-5go @

Eq. 1b can be written as

P = _;f_lxsswvf((-l)(ﬂ@*ﬁﬂ 22 (3)
P (1-)pt = =L JpIn(F0MIT¢,
T (1-mY)pV o 3

- G

-, G aE
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Prob. 9.17.3 (cont.)

Except for sign, Eq. lc is the same as Eq. la, so

3 S
52 0 )

Eq. 1d is

T LS80S IszB +(KM2-05_1
T pY(1-m¥) ¥

_—CU’” (&?—_32_2 < O (5)
T i) ¥

and finally, Eq. le is

<M > __3;___- Bw}[M"(K—l)-}z]-\- E @m+) (¥-1)
/\I\t (\- 7‘) pVv ¥

- _3 {(31}+E)(K—|)MZ+ZB15+E(_§-_Q}
(1-8) p¥ ¥

{(Bv»fﬁ)(t( DA +2(BU+E)—E,__§*_).$ ©

(|—M)P

SR - %;I(?S—DMZ*&] - Z)’E___,_(gh)} %0

(i-m")p ¥

With JIBY O, the force is retarding the flow and it "might be expected"
that the gas would slow down and that the ma density would increase. What
has been found is that for subsonic flow, the velocity increases while the
mass density pressure and temperature decrease. From Eq. (6), it also
follows that the Mach number decreases. That is, as the gas velocity goes
up and the sonic velocity goes down (the temperature goes down) the critical
sonic condition AA1= | is approached.

For supersonic flow, all conditions are reversed. The velocity

decreases with increasing z while the pressure, density and temperature
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Prob. 9.17.3 (cont.)

increase. However, because the Mach number is now decreasing with increas-

ing z, the flow again approaches the critical sonic conditionm.

(b) 1In the "accelerator" mode, ES)O and JRO . For the discussion,

take B as positive so that ¢ < O , which means that

EyuB <o D E (-8 -

Note that this means that EJ is automatically greater than zero. Note that

this leaves unclear the signs of the right-hand sides of Eqs. 2-6. Consider
a section of the channel where the voltage is uniformly distributed with z.

Then E is constant and the dependence on J of the right-hand sides of

Eqs. 2-6 can be sketched as shown in the figure. In sketching Eq. 3,

it is necessary to recognize that VB =‘—&\_— -E so that Eq. 3 is also

f = -1 3° - 21 _
NP

M <L N&)i
N A \ ~
\\ ’ Y //
~ // > \t\ - —v
AN s T
:S:.?_E ’ ‘
¥ b ™
P S
o F ok (¥+1)
- _ Z
Eraam Y1G-nme2] M

- @GR .
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Prob. 9.17.3 (cont.)

By way of illustrating the significance of these sketches, consider the
dependence ofTI/T on & . If at some location in the duct _o_%?z <JT o>
then the temperature is increasing with z if the flow is subsoiic and
decreasing if it is supersonic. The opposite is true if J < C\'E./b’/\'\z

(Remember that E is negative.)

Prob. 9.18.1 The mechanical equation of state is Eq. (d) of Table 9.15.1

p= ﬁ R\ (1)
The objective is now to eliminate 17‘, € and P from Eqs. 9.18.21 and

9.18.22. Substitution of the former into the latter gives

CP A% _—Ie 2

Now, with T eliminated by use of Eq. 1, this becomes

R %( > -0 (3

Because R = Cp ~Cv , (Eq. 7.22.13) and ¥ = Ce/Cv so
CP/R - \6/()'-0 , it follows that Eq. 3 can be written as

dp -Y¥dp (4)
P

Integration from the "d" state to the state of interest gives the first of

the desired expressions

. N
LlE)-¥E ()5 £

The second relation is simply a statement of Eq. 1 diviced by FJ on the

left and /JA \'(Tc\ on the right.
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Prob. 9.18.2 Because the channel is designed to make the temperature

constant, it follows from the mechanical equation of state (Eq. 9.18.13)

that
p=pRT > £ = £ )
17| A4
At the same time, it has been shown that the transition is ad1abat1c, so
Eq. 9.18.23 holds.

P - .
E_(ﬁz) Y21

Thus, it follows that both the temperature and mass density must also be

(2)

constant

P=F 5 P>/ )
In turn, Eq. 9.18.10, which expresses mass conservation, becomes

vA = 4A, (4)
and Eq. 9.18.20 can be used to show that the charge density is constant

(5)
/61 F\& 1%4
So, with the relation E "-A§/A%, Eq. 9.18.9 is (Gauss' Law)

- > (6)
In view of the isothermal condltlon, Eq. 9.18.22 requires that
2
R i vl T 9
4 Ay Yy

The required relation of the velocity to the area is gotten from Eq. 3.

v = A F\A

(8)
and substitution of thlS relation into Eq. 7 gives the required expression

for Q in terms of the area.

Ef-l"'% (\ _ AJ)/&F\U&( + 8y

9

Substitution of this expression into Eq. 5 gives the differential equation

for the area dependence on z that must be used to secure a constant temperature.

[.\ _ﬁ_[\-o N % /“1(94
€(F\A/41’43

Ai‘ (o
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Prob. 9.18.2 (cont.)

-
Multiplication of Eq. 10 by df /éi— results in an expression that

can be written as
A2 2 .
al
|

dEAY g0 Ao an

Cii 2\d#% N
(Note that this approach is motivated by a similar one taken in dealing
with potential-well motions.) To evaluate the constant of integration for

-l

Eq. 10, note from the derivative of Eq. 9 that E is proportional to J R /c(i

E--”‘J @Aa R clf‘\ (12)

X

Thus, conditions at the outlet are

A=A, )dﬁ o of 2=4 (13

and Eq. 12 becomes

21Ny A R 0. AL

Ty ﬂ“ = - d (14)
The second integration proceeds by writing Eq. 14 as

%%: =t \}z_ﬁzﬂm (i?\—:\‘) (15)

and introducing as a new parameter )
-{ -1 -{ %
"2=’Q“<Jf?:')=> d(A)=2xAqe dx (16)
d
Then, Eq. 15 is

o . 2
+.___SZ X

edx= |dz = -2 (an
X z
This expression can be written as (ch0051ng tPe - sign)
2 2
x /44
Fye = (f- 2)( ) (18)

2e/ﬂ o Uy



9.37

Prob. 9.18.2 (cont.)

where 2 R
-% g y
Fx)y=e | Cex (19)
and Eq. 5 has been used to write /‘cl:I /AAVSI .
Eq. 12 and Eq. 14 evaluated at the entrance give
2
X | =2 nl z < AJ
—— ) — = A \ (20)
( ) B A, = RA (R,
% s Ay

while from Eq. 4 Ao L A . Because = 2 this expression
d c( / °

therefore becomes the desired one.

N
3 e/i}; = ( ) (21)

Finally, the terminal voltage follows from Eq. 9 as
_ _oa xRS A AL
V—EA‘E.—EﬂAE_(A)“]L‘:—“ (22)

Thus, the electrical power out is

Yi= "idj/ﬁ A,_\I(%%)Z-l] (23)

The area ratio HJ/A follows from Eq. 20 and can be substituted into
Eq. 22, written using the facts that /% > > 1& _1} A, /AJ as
I_Y‘ (GE /Z)/((oo]’o /Z) so that (AA/A.,) ¢xe Y‘]

VI=%A L, .,(A")K }:72,[1\‘,(:5_16}__&:)0_ e““) (26)

Thus, it is clear that the maximum power that can be extracted

( .Lz. G,,E:. —-—7@) is the kinetic power 'l)oﬂo (“i /o '\fq,,z)

‘I
1
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Prob. 9.18.3 With the understanding that the duct geometry is given, so that

¢
?/f is known, the electrical relations are, Eq. 9.18.8

AT (e + 1)+ 2w §ET =0

or with primes indicating derivatives,

(1)

A% (8 ) +4258 (LEW)%E(bEw)nc-ﬁe +20 B0

Eq. 9.18.9

(‘i £) + 25
(d

which is eo
3 / y,
TE +287E + F
The mechanical relations are * °
d 2
< W =
s (Pw¥)=o

which can be written as

(01’;??, +ﬂ‘l},§z+‘0’7}?l_—_

Eq. 9.18.11

va'+ P -/ € =
Eq. 9.18.12

Pvc;r'+(p#‘v'—/’&E(LE+v)_i§_ﬁz= o
and Eq. 9.18.13 R

P(—KW _/,RT =0

Alithough redundant, the Mach relation is
2

M= Y
X TK'T’

which is equlvalent to

_zwy T

¥RT TRT*

With the definition

_ % NS | A o
az|-2 0+ o)+ l/[1+ 225

=0

Eqs. 6,7,8,2,4,9 and 11 are respectively written in the ordfarly form

(3)

(4)

(5)

(6)

(7

(8)

(9

(10)

(11)

(12)



Prob. 9.18.3 (cont.)
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In the inversion of these equations, the determinant of the coefficients is
2
Det = (M-1)(-V)

Thus, the required relations are

$/u ] _2%/%
‘/

’ , d I E/p

T/

‘ -\ (be 25
G | B
E7E ¢’

2 (bE+v+SBEY (L
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Prob. 9.18.4 In the limit of no convection, the appropriate laws
represent Gauss, charge conservation and the terminal current. These

are Egqs. 9.18.8, 9.18.9 and 9.18.10.

O (1)

é_%_(/‘LET'?er 2w 6% E) z
a—é(iE) /bd(i )=/:L€. 2

eO

(3)
I= /o,;l: Eo'ﬂi +zn?6; s, :/GOLE;W?: +21r?,<S;E,

This last expression serves to determine the entrance charge density,
given the terminal current I.
/ - I"Z“?oG}E
"0- 2
bE, X,

Using this expression, it is possible to evaluate the integration constant

(4)

needed to integrate Eq. 1. Thus, that expression shows that
/ - X —ZT\'OEEoi
e =
bt, w¥g°

Substitution of this expression (of how the charge density thins out as the

(5)

channel expands) into Eq. 2 gives a differential equation for the channel

radius.

EA§+ZO‘E11’§" 8 _ T -2nc; E%
(T -27a; e, %) &t T lerw

This expression can be written so as to make it clear that it can be

(6)

integrated.
[ »Eos -
L LI-Z5 (-2%)

S =2 2MGEL/T , § =5/5,

4 = e bELNS/T L 2=zl

Thus, integration from the entrance, where 2 =o and g: ?o s gives

where
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Prob. 9.18.4 (cont.) .
LA +0-29 -(-5)-4]0-285 - (1-F]
3 (-ZD) - (1-E)] =2

Given a normalized radius § , this expression can be used to find the

associated normalized position z , with the normalized wall conductivity, EZ,

as a dimensionless parameter.

Prob. 9.19.1 It is clear from the energy equation, Eq. 9.16.2, that

because the velocity decreases (as it by definition does in a diffuser),
then the temperature must increase. The temperature is related to the

pressure by the mechanical equation of state, Eq. (d) of Table 9.15.1.

p=p,RT .;i = 4;-:_?‘—_- (1)

In the diffuser, the transition is also adiabatic, so Eq. 9.16.3 also

X
P _ /P (2)
&= &

These equations can be combined to eliminate the mass density.

@-0/¥

f_) - (3
Po T

o]
Because X‘)j » it follows that because the temperature increases, so

applies

does the pressure.
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Prob. 9.19.2 The fundamental equation representing components in the

cycle is Eq. 9.19.7

J&3dv= %,ﬂa(nﬁ-;a-o)-ﬁéa ®
v s

In the heat-exchanger the gas is ra"ised in temperature and entropy
as it passes from (- § . Here, the electrical power input represented
by the left side of Eq. 1 is replaced by a thermal power input. Thus, with
the understanding that the vaporized water leaves the heat exchanger at f

with negligible kinetic energy,

thermal energy input/unit time { .
T (2)

mass/unit time

In representing the turbine, it is assumed that the vapor expansion that
turns the thermal energy into kinetic energy occurs within the turbine and

that the gas has negligible kinetic energy as it leaves the turbine

turbine power output - -VI _ H(} _ H'F

= 3
mass/unit time A(o\). T T (3)

Heat rejected in the condensor, 3—* h , 1s taken as lost. The
power required to raise the pressure of the condensed liquid, from h—u» ¢

is (assuming perfect pumping efficiency)

pump power in H ¢ H3
mass/unit time

(4)
Combining these relations and recognizing that the electrical power output
is 7 times the turbine shaft power gives

electrical power output - pumping power

Z(-ud 4 ui)- (Hy-n3) ©
Ht - Hf

thermal power in
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Prob. 9.19.2 (cont.)
‘Now, let the heat input (-—» 4 be that rejected in € —» &
of the MHD or EHD system of Fig. 9.19.1.
To describe the combined systems, let /\7\.‘. and /\7\_s represent the

mass rates of flow in the topping and steam cycles respectively. The effi-

ciency of the overall system is then

electrical power out of topping cycle - compressor power

7‘ + electrical power out of steam cycle - pump power

heat power into topping cycle

6)
ML -HE) = (b - MY+ AJOE- 1) 7,- (E-W0)
M'l'(HT_HT>

Because the heat rejected by the topping cycle from €-®& is equal to

that into the steam cycle,
far (RS -n3)= (K] - Hr)
N __/Y_\_i _ H.‘. _ A (7)

M H—H

and it follows that Eq. (6) can also be written as

- [(45-15) - (W3- W >1+H(—4%H[<& 187~ (W]

¢ . (8)

H'\’ H’T

With the requirement that 73:-:1 , and again using Eq. 7 to reintroduce

< o
N /M1, » Eq. 8 can be written as
o b e h
me(Hy-He) = Mo (Hy - 13
M (S - WD)

(9)

This efficiency expression takes the form of Eq. 9.19.13.





