|l ECTURE 8: Continuous random variables and probability density functions

e Probability density functions
— Properties

— Examples

e EXpectation and its properties
— The expected value rule

— Linearity

e \Variance and its properties

e Uniform and exponential random variables
e Cumulative distribution functions

e Normal random variables
— EXxpectation and variance
— Linearity properties

— Using tables to calculate probabilities



Probability density functions (PDFs)
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[Definition: A random variable is continuous if it can be described by a PDF]
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Probability density functions (PDFs)
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Example: continuous uniform PDF
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e Generalization: piecewise constant PDF
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Expectation/mean of a continuous random variable
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e Interpretation: Average in large number Fine print:
of independent repetitions of the experiment Assume | o] fx(a)d < oc



Properties of expectations

e If X >0, then E[X] >0

o Ifa< X <bh, then a <E[X] <)

e EXxpected value rule: - &
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e Linearity [ ElaX + b] = aE[X] + b ]




Variance and its properties

[- Definition of variance: var(X) = E[(X — ,u.)?] ] }-" - E-[)r]
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e Calculation using the expected value rule, E[g(X)] = / g(z)fx(z)dz
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[ Standard deviation: oy = \/var(X) ]

J [ var(aX + b) = a?var(X) ]

v [ A useful formula:  var(X) = E[X?] — (E[,;:])2 ]




Continuous uniform random variable; parameters a, b
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Exponential random variable; parameter )\ >0
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Cumulative distribution function (CDF)

[CDF definition: FX(T) = P{X < :.::)]
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e Continuous random variables:
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Cumulative distribution function (CDF)

px (k)

[CDF definition: Fy(z) =P(X < :1:)]

e Discrete random variables:
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General CDF properties

Fy(z) = P(X < z) — At —

e Non-decreasing |§ y2% = F.(r)2 Fy ()

o Fy(xz)tendstol,asz— o0 o

e Fy(x) tends to 0, as z - —oc



Normal (Gaussian) random variables

e Important in the theory of probability

— Central limit theorem

e Prevalent in applications
— Convenient analytical properties

— Model of noise consisting of many, small independent noise terms
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Standard normal (Gaussian) random variables

1 o
e Standard normal N(0,1): fx(z) = T2
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General normal (Gaussian) random variables

e General normal N(u,02): fy(z) =

>0

e E[X]|= rA

o var(X) = o2
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Linear functions of a normal random variable

e LetY=aX+b X~ N(p,o2)

E[Y] = CLﬂ*'lD

Var(Y) = ot o

e Fact (will prove later in this course): e Special case: a =07

] Y =) oli'sc re te

[ Y ~ ap + b, ”_20.2) Va
N6, 0)

— i




Standard normal tables

e NO closed form available for CDF

but have tables, for the standard normal
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Standardizing a random variable

e Let X have mean u and variance o2 > 0

o Let }-'_‘X;” ElYl=0 Van (') :5':;' Var‘(’“) =
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e If also X is normal, then: \/ ~ N (O.. L)



Calculating normal probabilities

e EXpress an event of interest
in terms of standard normal
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