
LECTURE 19: The Central Limit Theorem (CL T) 

• WLLN:Xi+···+Xn >E[X] 
n 

• CLT: X1 + • • • + Xn ~ n,ormal 

- precise statement 

- universality, usefulness 

- many examples 

refinement for discrete r.v.s 

- application to polling 
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- ------

-ffe ent scalings o the sum of -. -.d. ndom var-ables 

• X 1 , ... ,Xn i.i.d., fin·te mean µ and variance a-2 

• Sn= X1 + · · · + Xn 

variance: no-2 

Sn X1 + ... Xn• Mn= -
n n 

u2 
•variance: 

n 

Sn X1 ••• Xn• vn 
u 2variance: 
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he Cent al Lim- heorem (CL ) 

• X1, . . . ,Xn ·.i.d., fin·te mean µ and varia ce a-2 

var·ance: na 2• Sn = X 1 + · · · + Xn 

• u 2variance. 

Zn - Sn-nµ [Zn - va (Zn) -
na-

• Let Z be a standard ormal r v. (zero mea , n·t va ·ance) 

Central L-m-t T eorem: For every z: n � oo P(Zn < z) = (Z < z) 

• P(Z :5z) is the standard normal CDF, Cl>(z), ava·1able from the normal tables 
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Usef ness o the C T 

Zn - Sn-nµ Z r-v ( , 1)Sn= X1 · · · -Xn 
na 

Cent al L-m-t Theorem: or every z: nli 00 P(Zn < z) = P(Z < z) 

• universa and easy to apply, only means, variances matter 

• fa·r1y accu ate computational shortcut 

• justification of normal models 
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W at exact y does he CL T say? -Theory 

Zn - Sn-nµ Z r-v ( , 1)Sn= X1 · · · -Xn 
na 

Cent al L-m-t Theorem: or every z: nli 00 P(Zn < z) = P(Z < z) 

• CDF o Zn conve ges to nor al CDF 

• results for co vergence of PD s or PMFs (wit more assum t·ons) 

• resul s wit out assumi g that the Xi are identically d·stributed 

• resu ts under ..weak dependence" 

• proof. uses .. ra storms" . esZn] � E(e 8 Z , for all s 
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What exa ,ctly does t e CL T say? 

Zn - Sn-nµ Z r-v ( , 1)Sn= X1 · · · -Xn 
na 

Cent al L-m-t Theorem: or every z: nli 00 P(Zn < z) = P(Z < z) 

• he practice of nor al app oximations: 

treat Zn as if it we e norm a I 

- ence t ea Sn as if o a . N(nµ, m,-2 ) 

• Can we use the CLT w en n is umoderate"? 

usually, yes 

- symmetry and un·modality help 
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Example 1 
Sn-nµP(S n ::; a) ~ b given two parameters, find t e t ird Zn-

na-

• Package weigh t s x i , i . � .d. exp on enti a I, A = 1/ 2 , 
µ = u = 2 

• Load conta iner with n= 100 packages 

P(Sn ~ 210) 
.00 . 1 . 2 .03 .04 .05 06 0 .0 .09 

0.0 5000 040 so a 5120 .5160 .5199 . 239 .5279 ,·319 . 39 
01 539 .543 .5478 .5 7 .555 ~5596 . 636 ,"'6 5 . 714 7 3 
02 5793 .5832 5 71 5910 5948 .5987 .6026 .6064 .6103 6 41 
0.3 6 179 .6217 .625 6293 6331 6368 .6406 .6443 .6 80 .6517 
0.4 6554 6091 6628 6664 6700 6736 .6772 .6 0 

05 6950 .69 • 7054 ~70 .7123 .71~7 .7190 
06 .7291 • 324 .73 9 7422 .7454 .7486 . 517 7549 
07 .7611 .7642 7704 .7734 .7764 .7794 ,7 23 7 2 
0 7910 . 939 7995 .8023 .8051 .807 . 106 . 33 
0.9 16 .8212 264 .8289 .8315 .8340 .8365 389 

1.0 8461 508 .S531 .8554 .8577 .8599 62 1 
1.1 . 643 . 665 .86 6 .8749 .87 0 .879 ' 10 . 30 
1.2 849 . 869 .88 8 . 944 .8962 .8980 .8997 9015 
1.3 9032 .9049 9066 90 2 9099 91 5 .9131 .9147 .9162 .9 77 
1.4 9 192 .9207 9222 9236 .9251 .9265 .9279 .9292 .9306 .9319 

1.5 9332 9345 .9357 .9370 93 2 .9394 .9406 .941 .9429 .944 1 
16 9 2 9463 9474 9484 .949 .9505 .95 15 .9525 .9535 954fS 
1.7 955 9-6 .9 .. 73 9 2 9591 9599 .96 .9 16 .9625 9633 

1. .964 1 .9649 .9658 9664 9671 967 .96 .9693 .9699 .9706 
1.9 .9713 .9719 .9726 9 32 9738 ~9744 .9750 .97 6 .9761 .9767 
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Example 2 
• Sn-nµ• P(S n ::; a) ~ b given two parameters, find t et ird Zn-

na-
�• Package weights Xi, i. .d. exp on enti a I, A= 1/2, 

µ=u=2 
Let n = 100 . Choose the ''·ca pa city'' a,• 
so that P(Sn > a) ~ 0.05. .00 . 1 . 2 .03 .04 .05 06 0 .0 .09 

0.0 5000 040 so a 5120 .5160 .5199 . 239 .5279 ,·319 . 39 
01 539 .543 .5478 .5 7 .555 ~5596 . 636 ,"'6 5 . 714 7 3 
02 5793 .5832 5 71 5910 5948 .5987 .6026 .6064 .6103 6 41 
0.3 6 179 .6217 .625 6293 6331 6368 .6406 .6443 .6 80 .6517 
0.4 6554 6091 6628 6664 6700 6736 .6772 .6 0 

05 6950 .69 • 7054 ~70 .7123 .71~7 .7190 
06 .7291 • 324 .73 9 7422 .7454 .7486 . 517 7549 
07 .7611 .7642 7704 .7734 .7764 .7794 ,7 23 7 2 
0 7910 . 939 7995 .8023 .8051 .807 . 106 . 33 
0.9 16 .8212 264 .8289 .8315 .8340 .8365 389 

1.0 8461 508 .S531 .8554 .8577 .8599 62 1 
1.1 . 643 . 665 .86 6 .8749 .87 0 .879 ' 10 . 30 
1.2 849 . 869 .88 8 . 944 .8962 .8980 .8997 9015 
1.3 9032 .9049 9066 90 2 9099 91 5 .9131 .9147 .9162 .9 77 
1.4 9 192 .9207 9222 9236 .9251 .9265 .9279 .9292 .9306 .9319 

1.5 9332 9345 .9357 .9370 93 2 .9394 .9406 .941 .9429 .944 1 
16 9 2 9463 9474 9484 .949 .9505 .95 15 .9525 .9535 954fS 
1.7 955 9-6 .9 .. 73 9 2 9591 9599 .96 .9 16 .9625 9633 

1. .964 1 .9649 .9658 9664 9671 967 .96 .9693 .9699 .9706 
1.9 .9713 .9719 .9726 9 32 9738 ~9744 .9750 .97 6 .9761 .9767 
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Example 3 
Sn-nµP(S n ~ a) ~ b given two parameters, find t e t ird Zn-

na-

• Package weigh t s x i , i . � .d. exp on enti a I, A = 1/ 2 , 
µ = u = 2 

How large can n be , • 
so that P(S n ~ 210) ~ 0.057 .00 . 1 . 2 .03 .04 .05 06 0 .0 .09 

0.0 040 so a 5120 .5160 .5199 . 239 . .5279 ,·319 . 39 
01 539 .543 .5478 .5 7 .555 ~5596 . 636 ,"'6 5 . 714 7 3 
02 5793 .5832 5 71 5910 5948 .5987 .6026 .6064 .6103 6 41 
0.3 6 179 .6217 .625 6293 6331 6368 .6406 .6443 .6 80 .6517 
0.4 6554 609 1 6628 6664 6700 6736 .6772 .6 0 

05 6950 .69 • 7054 ~70 .7123 .71~7 .7190 
06 .7291 • 324 .73 9 7422 .7454 .7486 . 517 7549 
07 .7611 .7642 7704 .7734 .7764 .7794 ,7 23 7 2 
0 7910 . 939 7995 .8023 .8051 .807 . 106 . 33 
0.9 16 .8212 264 .8289 .8315 .8340 .8365 389 

1.0 508 .S531 .8554 .8577 .8599 62 1 
1.1 . 643 . 665 .8749 .87 0 .879 10 . 30' 

849 . 869 . 944 .8962 .8980 .8997 90151.2 
1.3 9032 .9049 9066 90 2 9099 91 5 .9131 .9147 .9162 .9 77 
1.4 9 192 .9207 9222 9236 .9251 .9265 .9279 .9292 .9306 .9319 

1.5 9332 9345 .9357 .9370 93 2 .9394 .9406 .941 .9429 .944 1 
16 9 2 9463 9474 9484 .949 .9505 .95 15 .9525 .9535 954fS 

955 9-6 .9 .. 73 9 2 9591 9599 .96 .9 16 .9625 96331.7 
1. .964 1 .9649 .9658 9664 9671 967 .96 .9693 .9699 .9706 
1.9 .9713 .9 19 .9726 9 32 9738 ~9744 .9750 .97 6 .9761 .9767 
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Example 4 

• P(S n ~ a)~ b given two parameters, find t e t ird Zn_ Sn -nµ 
na-

• Package weight s X i , i � -.d. exponenti al, A = 1/ 2 , 
µ = u = 2 

• Load conta i er unt il weight exceeds 210 
N. number of pa.ckages loaded 

• P(N > 100) 

.7190 

1 6 .8212 

.00 . 1 . 2 .03 .04 .05 06 0 .0 .09 

0.0 040 so a 5120 .5160 .5199 . 2a9 . .5279 . ·319 . a 9 
01 539 .543 .5478 .5 7 .555 ~5596 . 636 . "'6 5 . 714 7 3 
02 5793 .5832 5 71 5910 5948 .5987 .6026 .6064 .6103 6 41 
0.3 6179 .6217 .625 6293 6331 6368 .6406 .6443 .6 80 .6517 

6554 609 1 6628 6664 6 700 6 736 , 6 772 , 6 0 

05 

0.4 

6950 .69 • 7054 ~70 .7123 .71~7 
06 . 7291 . 324 •73 9 7422 .7454 .7 486 . 517 7549 
07 . 7611 . 7642 7704 . 7734 , 7764 , 7794 ,7 23 7 2 
0 7910 . 939 7995 .8023 . 8051 . 807 . 106 . 33 

0.9 264 .8289 .8315 .8340 .8365 389 

1.0 508 .S531 .8554 .8577 .8599 621 
1.1 • 643 • 665 .8749 ,87 0 ,879 10 30I O 

1.2 849 . 869 . 944 .8962 .8980 .8997 9015 
1.3 9032 .9049 9066 90 2 9099 91 5 .9131 .9147 .9162 .9 77 
1.4 9 192 .9207 9222 9236 .9251 .9265 .9279 .9292 .9306 .9319 

1.5 9332 9345 .9357 .9370 93 2 .9394 .9406 , 941 . 9429 . 944 1 
16 9 2 9463 9474 9484 .949 .9505 .9515 .9525 .9535 954fS 
1.7 955 9-6 .9 .. 73 9 2 9591 9599 .96 .9 16 .9625 9633 
1. . 9641 . 9649 .96 58 9664 9671 967 · .96 .9693 .9699 .9706 
1.9 .9713 .9 19 .9726 9 32 9738 ~9744 .9750 .97 6 .9761 .9767 



- -o ma ap rox-mat-on to the 1nom1a 

• Xi : independent, Bernoull i(p) ; O<p<l 

Sn-np
• Bn =X1 · · · + Xn : Binom ial(n,p) • CD of ) s andard norma l 

np(l - p) 
- mean np , var iance np(l - p) 

f (36)( 1) 36 = 0.8785 
n = 36, p = 0 .5 ; f ind P(Sn < 21)• k=O k 2 

np= 18 np(l - p) = 3 00 .01 .02 03 04 .05 .06 .08 .09 

0.0 . 000 .5040 .50 0 5120 .'>160 5199 ... 319 .53 9 
0.1 539 .543 547 .5""17 .5 57 5596 636 ... 675 .n714 .57"'3I 

0.2 .5793 .5 2 .5871 .5910 .5948 59 7 .6026 ,6064 .6103 .6141 
0.3 6179 .6217 6255 .6293 6331 6368 .6406 .6443 ,6 80 .6517 
0.4 ..65- .659 662 6664 .6700 6736 .67 2 .6 0 .6 44 .6 79 

0.5 .6915 .6950 .69 5 .7019 7054 70 8 .7123 .71 7 .7190 .722 
0.6 .72 .. 7 .7291 7324 7357 73 9 7422 .7454 .7486 .7517 ,754.q 

.75 0 .7611 7642 7673 7704 7734 .7764 .7794 .7 23 .7 20.7 
0. .788 .7910 . 939 .7967 .7990 . 23 .8051 .807 .8106 . 133 

1 9 1 6 . 212 . 238 264 • ;2 9 .83 5 .8340 .8365 . 3 9 0.9 

1.0 . 531 .8554 .8577 .8599 . 621 
1.1 66.'l 708 749 .8770 .8790 ,8 10 30I I 

1.2 49 .· 869 8 907 892n 944 .8962 .8980 .8997 .9015 
1.3 9032 .9049 9066 90 2 9099 .911- .9131 .9147 .9162 .9171 
1.4 9192 .9207 9222 .9236 9251 .9265 .92 9 .9292 .9306 .9319 13
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T e /2 1correction fo integer andom varia es 

• 0.8413 ~ P(Sn < 21) = P(S n < 22) , because Sn is i teger 

rue va lue 0.8785 

00 .01 .02 03 04 .05 .06 .08 .09 

P(Sn < 21.5) 0.0 
0.1 
0.2 
0.3 
0.4 

. 000 
539 

.5793 
6179 

..65-

.5040 

.543 

.5 2 

.6217 

.659 

.50 0 
547 

.5871 
6255 
662 

5120 
.5""17 
.5910 
.6293 
6664 

.'>160 
.5 57 
.5948 
6331 
.6700 

5199 
5596 
59 7 
6368 
6736 

I 636 
.6026 
.6406 
.67 2 

... 675 
,6064 

.6443 

.6 0 

... 319 

.n714 

.6103 
,6 80 
.6 44 

.53 9 

.57"'3 

.6141 

.6517 

.6 79 

0.5 
0.6 
0.7 
0 . 
0.9 

.6915 

.72 .. 7 

.75 0 

.788 
1 9 

.6950 

.7291 

.7611 

.7910 
1 6 

.69 5 
7324 
7642 

. 939 

. 212 

.7019 
7357 
7673 
.7967 
. 238 

7054 
73 9 
7704 
.7990 

264 

70 8 
7422 
7734 
. 23 
• ;2 9 

.7123 

.7454 

.7764 

.8051 

.83 5 

.71 7 

.7486 

.7794 

.807 

.8340 

.7190 

.7517 

.7 23 

.8106 

.8365 

.722 
,754.q 
.7 2 
. 133 
. 3 9 

18 19 20 21 22 

1.0 
1.1 
1.2 
1.3 
1.4 

49 
9032 
9192 

66.'l 
.· 869 
.9049 
.9207 

8 
9066 
9222 

I 708 
907 

90 2 
.9236 

892n 
9099 
9251 

. 531 
749 
944 

.911 .. 

.9265 

.8554 

.8770 

.8962 

.9131 

.92 9 

.8577 

.8790 

.8980 

.9147 

.9292 

.8599 
,8 10 
.8997 
.9162 
.9306 

. 621 
I 30 
.9015 
.9171 
.9319 



De Moivre Laplace CL T to the binomial 

P(Sn = 19) 

_j 

18 19 20 21 22 

• Exact answer: 

• When the 1/2 correction is used, the CLT can also approximate the binomial PMF 

(not just the binomial CDF) 
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The po ster's ro em revis-ted 

• p : fract·on of populatio · at wil vote ..yes" in a referendum 

X . _ 1, if yes,• ith (random y selected) person polled: 
i - 0, if no. 

• Mn= (X 1 + • • • + Xn)/n. fract .ion of ..yes" in our sample 

• Wou d like .. small error," e.g.: IMn - Pl< 0.01 

(IMn - Pl> .0 ) 

_ Sn -nµZ n-
no-
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The po ster's ro em revis-ted 

IZI> .02y'n(IMn - Pl> · (ZI > 
1• 

• Try n 10,000• -

• Specs. P(IMn- Pl> .01) < .05 

I I 

• I 

1_·i 

l 

1 .. 
1.. 

. .. 1 I 
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