LECTURE 10: Conditioning on a random variable; Independence; Bayes’' rule

e Conditioning X onY
— Total probability theorem
— Total expectation theorem

e Independence
— independent normals

e A comprehensive example

e Four variants of the Bayes rule



Conditional PDFs, given another r.v.

rxy(z|y) =P(X =z|Y =y) = p);;};gz,)y), if py(y) >0
! (z,5) )
Definition: x|y (z|y) = / Xf’; (z)y if fy(y) >0

Plz<X<z+4|A)~ fxal=) -4, where P(A) >0

Pz<X<z+6|y<Y <y-e)

Definition: P(X€A|Y =y) = /Afx|y(37 | y) dw

pxy(z,y)
px|a(z)
px|y(z | y)

fX,Y(ma y)
fx a(x)
Ixiy(z|y)




Comments on conditional PDFs

fxy(z,y)
fy(y)

fxyy(z|y) = e fxy(z|y) =0

e Think of value of Y as fixed at some y
shape of fX|Y(- |y): slice of the joint

fxy(z,y)dx

[ x| pde == s =1

e Multiplication rule:
fxy@,y)=fyry) - Fxy(z|y)

= fx(z) - fy1x(y | )




Total probability and expectation theorems

px(@) = ¥ oy W)pxyy (2| v) fx@ = [ fr@ixpy(@ly)dy
Y —00
EIX | Y = y] = Y apxjy(z|) EIX|Y=yl= [ afxy(z|y)ds
E(X] = Yoy (WEIX | Y =y EX]= [ fr(EIX | Y =yldy
Y — 00

e EXpected value rule...



Independence

pxy(z,y) = px(z) py(y),

for all z, y

[fx,y(:c,y) = fx(z) fy(y), forallz and y J

fxy(z,y) = fxiy(z|y) fy (y)

e equivalent to: fxy(z|y) = fx (=), for all y with fy(y) >0 and all z

r

\.

If X, Y are independent:

E[XY] = E[X]E[Y]

var(X +Y) = var(X) + var(Y)

g(X) and h(Y) are also independent: E[g(X)h(Y)] = E[g(X)] - E[h(Y)]

J




Stick-breaking example

fx(z) |
e Break a stick of length ¢ twice
— first break at X: uniform in [0, /] I
— second break at Y: uniform in [0, X] ¢ T
Z, — X T) =
fxy(z,y) = fx(@)fyx(y | =) Fyixy | )

Yy




Stick-breaking example of

0
1
fX,Y(may)=Ea O0<y<z</{
fr(y) =
E[Y] =

e Using total expectation theorem:



Independent standard normals 1=y =0; Gy=oy =1

fxy(z,y) = fx(@)fy(y)
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_ = 2 2 _
Independent normals =, =0; o3=1, ol =4

fxy(z,y) = fx(@)fy(y)
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The Bayes rule — a theme with variations

Inference
pmﬂy \
X > Y
unobserved value z observed value y
prior px(-) model py x(-|-)
pxy(z,y) = px(z)pyx(y|z) fxy(z,y) = fx(@) fy|x(y|z)
= py(W) pxy(z|y) = fy(y) fxy(z|y)
f f
prrylE ) = px(z) py|x(y | z) Fiv(a|y) = x(z) fy|x(y | =)

py (y) fy(y)

py(y) = Z;PX(SC’) py|x(y|z) fy(y) = /fx(iﬂ’) fy|x(y|2") dz’



The Bayes rule — one discrete and one continuous random variable

K: discrete Y : continuous

(

fy @) piry (k| y)
pi (k)

 pr(k) fyix(y k)
prly(k|y) = v (w)

. J \

fr@) = X px(K) fyjx(y| ) pk(®) = [ fr() iy (k|y) dy
k!

frik(y|k) =




T he Bayes rule — discrete unknown, continuous measurement

e unkown K: equally likely to be —1 or +1
e measurementY: Y=K+W, W~N(0,1)

e Probability that K = 1, given that ¥ = y?

pi (k) =

fr(y) =

pi|y(1l|y) =

fyik(y|k) =

-

\_

pc (k) fy (| k)

ri|y(k|y) =

fy(y)

fy(w) =) px(K) fyix(y| k')
kf

12



T he Bayes rule — continuous unknown, discrete measurement

e Mmeasurement K: Bernoulli with parameter Y

e unkown Y: uniform on [0, 1]

e Distribution of Y given that K =17

fy(y) =

pr(1) =

fyig(y|1) =

r

\_

frik(y|k) =

fy @) pryy (k| w)

pi (k)

J

p(k) = [ fy (W) prpy (k|y) dyf

ply(1]y) =

13



MIT OpenCourseWare
https://ocw.mit.edu

Resource: Introduction to Probability
John Tsitsiklis and Patrick Jaillet

The following may not correspond to a particular course on MIT OpenCourseWare, but has been provided by the author as an individual learning resource.

For information about citing these materials or our Terms of Use, visit: https://ocw.mit.edu/terms.

14


https://ocw.mit.edu
https://ocw.mit.edu/terms

	cover.pdf
	Blank Page




