LECTURE 15: Linear models with normal noise

T
Xi= ) a;i©;+ W, Wi, ©;: independent, normal
7=1

e Very common and convenient model

e Bayes’' rule: normal posteriors

e MAP and LMS estimates coincide

— simple formulas
(linear in the observations)

e Many nice properties

e Trajectory estimation example



Recognizing normal PDFs

X ~ N(u,0?) fx(@) = e /20"

2
c. e—8(z—3)

[ Ix(z) = c.e—(ez®tBz+y)  a >0 Normal with mean —/3/2« and variance 1/2« J




Estimating a normal random variable
in the presence of additive normal noise

X=00+4+W ©,W:N(0,1), independent

fxje(z|6) :

foix(0|z) =

Omap = O ms =E[©|X =2z] =

.

foix(0 | z) = e (2)

fx(@) = [ fo(0)fxjo(x | 0) do

fo(®) fxio(@ | 0)

J

©vap =E[©|X] =



Estimating a normal random variable
in the presence of additive normal noise

X=00+4+W ©,W:N(0,1), independent
— — X
Owvap = OLmvs =E[O[X] ==

¢ Even with general means and variances:

— posterior is normal

— LMS and MAP estimators coincide

.

fo(0) fxle(c’ﬂ | 6)

foix(0|z) =

fx(z)

fx(@) = [ fo(®)fxjo(= | 6)do

— these estimators are “linear,” of the form ©@=aX+b




The case of multiple observations

X1=©+W1  ©~N(z0,08) Wi~ N(0,0?)

Xn=0 + W, ©,Wq,...,Wn independent

fx;o(zi|0) =

fxje(z|0) =

foix(0|z) =

.

fo(8) fxjo(= | 6)

fe|x(9 | z) =

fx(@) = [ fo(®)fxjo(= | 6)do

fx(x)

J




The case of multiple observations

foix(8|z) = c-exp{ — quad(6)}

quad(f) =

(6 —20)* | (0—=z1)? |

. - 1=0 a’i
Omap =0 Lvs = E[O© | X =z] =

2
20'0

2
20'1

| 202




The case of multiple observations

e Key conclusions:
— posterior is normal
— LMS and MAP estimates coincide
— these estimates are “linear,” of the form 6 = ag+ a1z1 + -+ + anzn
e Interpretations:

— estimate 0: weighted average of zg (prior mean) and z; (observations)

— weights determined by variances

4 n N
Lq
o 2 2
Omap =0 ms = E[© | X = 2] =5 f
. J




T he mean squared error "

Ly

> 5

foix(0|z) = c-exp{ — quad(6)} 5 _ =0

n

1

quad(ey = @=20 L @ | | (0= an) &7
203 | 20% | Y e .

e Performance measures:
n

— 1

E[(©-8)?|X=z|=E[(©-0)?|X=2|= var(® | X =2) = 1/2 et

i—=0 73

E[(©-8)2| =

[ fx(z) = c.e—(@@®+Bz+7)  a>0 Normal with mean —3/2« and variance 1/2« ]




T he mean squared error

-

.

E[(e—’e"‘)2|x =m]

E(@-82=1/%

n

00'

N
1
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i i
J

e Example: 0§ =07 ="--

=0np=0

e conditional mean squared error same for all =

e Example: X =00+W ©~ N(0,1),

independent ©, W

[§=X/2]

W ~ N(0,1)
E[(e —9)?2 | X = :c]

s

&
‘l:l)
eaqw‘ - eaqw| @&_]

-

(]
I
o




T he case of multiple parameters: trajectory estimation

400 -

/ ' L e Random variables ©q,©1,©5

350 -
independent; priors f@j

300 -

250+ /

z(t) = 0 + 61t + 05t2 ' e Measurements at times tq,...,tn

200+

X; =0+ ©O11; 92t2-2 W;

150+

noise model: fy,

1 2 3 4 s s 7 8 8 1w independent W;; independent from ©;
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A model with normality assumptions fe(0) fx ez | 6)
fe|x(9 | z) =
, fx(z)
Xi=@0+@1ti+@2ti+Wi z'=1,...,'n,
fx(@) = [ fo(®)fxjo(= | 6)do

e assume ©; ~ N(0,07), W; ~ N(0,0°); independent

e Given © =0 = (6p,01,05), X; is:

fxo(xi|0) = c-exp{ — (z; — 6 — 61t; — 05t2)%/202}

e posterior: fox(0|z) =

c(a,»)e»qo{—1(‘92 SO N S (i — 0o — O1t; — 0 t2)2}
2 0_0 O'i? | 0_% 20_2 ?::1 YA O 1 1 23
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A model with normality assumptions

1,05 67

1

fe|X(9|ﬂ3)= c(m)exp{_E(JO J%: 2)

e MAP estimate: maximize over (6g,61,605);

(minimize quadratic function)

20'2

z(mz—eo — 01, —92t2)2}

12



Linear normal models

e O; and X; and are linear functions of independent normal random variables

# f@|X(9 |z) = c(z) exp{ — quadratic(4,... ,9m)}

e MAP estimate: maximize over (01,...0m);
(minimize quadratic function)

©wmap,;: linear function of X = (X1,...,Xn)
e Facts:
o ©map,; = E[©;| X]
o marginal posterior PDF of ©;: fej|X(9j|ﬂ7)» is normal

o MAP estimate based on the joint posterior PDF:
same as MAP estimate based on the marginal posterior PDF

o E[(éz‘,MAp —9)? | X = ;z:]: same for all z
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An illustration Estimating the trajectory of a free-falling object

100

&, ~ N(200,50%), 8, ~ N(50,50°), &; = —9.81, W, ~ N(0, 50°)

*

/ X; =©g+ O1t; + Ot + W;
2 2

. minimize 1(9 % = )
1
F > 3 (zi — 0o — 61t; — 02£2)2

" i=1
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An illustration

100

Estimating the trajectory of a free-falling object

&, ~ N{200, 50°), 6, ~ N(50, 50°), ©; = —9.81, W, ~ N(0,50%)
b
/ X; =©g+ O1t; + Ot + W;
minimize 85 — 200)2 9, — 50)2
X(t) = ©g + O1t + O,t? 0o, 61 ( On S )
+ Y (z; — 00 — 01t; + 9.81t7)
i=1
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An illustration Estimating the trajectory of a free-falling object

W w &, ~ N{200, 50%), 8, ~ N(50, 50%), ©; = —9.81, W, ~ N(0, 50%)

200 4»

X; = ©g+ O1t; + Ot + W;

100 -

minimize (6g — 200)2 (61 — 50)2
6o, 01

_to0} = 212
-+ z (wz — 0 — 01t; + 9.81¢; )
-200 + =1

-300 -

-400
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An illustration Estimating the trajectory of a free-falling object

400 e, ~ N{200, w?), &, ~ N(50, w?)’ 6; = —-9.81, W, ~ N[0, 50’)
300 -

/ X; = ©9 + ©1t; + Oty + W,
200
ol minimize (6 — 200)2 + (91 — 50)7

6o, 01 n
ot + 3 (z; — 6p — 01t; + 9.81¢7)°
i=1

-100}
-200 - B
-300 . - .

0 1 2 3 4 ? 6 7 8 9 10
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An illustration Estimating the trajectory of a free-falling object

i 6, ~ N(200,50%), & ~ N(50,50%), &; = —9.81, W, ~ N(0,507)

X; = ©g+ O1t; + Ot + W;

200 -

minimize (6 — 200)? + (81 — 50)2

100
0o, 01 n
o + Y (z; — 00 — 61t; + 9.81¢7)?
=1
-100 +
e L %
-300 =
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An illustration Estimating the trajectory of a free-falling object

o 6, ~ N(200,50%), & ~ N(50,50%), &; = —9.81, W, ~ N(0,507)

*K

300 ;“%
1r

X; = ©g+ O1t; + Ot + W;

200 -
100} minimize (60 — 200)2 (01 — 50)2
6o, 01 n -
O True 6, = 236.2702 + Z (wi — 0o — 01t; + 9.81¢; )

MAP 6, = 256.0561
Error std(f,) = 21.1193
_100+ True f) = 46.8473
MAP 6, = 48,282
Error std(6:) = 3.2538

i=1

-200 + True trajectory
*  Sampled points
Estimated trajectory based on MAP
—— 85% confidence interval *
-300 I I I I 1 1 1 1 1 J
0 1 2 3 4 5 6 7 8 9 10

—
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