LECTURE 14: Introduction to Bayesian inference

e [ he big picture
— motivation, applications

— problem types (hypothesis testing, estimation, etc.)

e The general framework

— Bayes' rule — posterior
(4 versions)

— point estimates (MAP, LMS)

— performance measures)
(prob. of error; mean squared error)

— examples



Inference: the big picture
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Inference then and now

e T hen:
10 patients were treated: 3 died
10 patients were not treated: 5 died
Therefore ...

Now:

e Big data

e Big models

e Big computers



A sample of application domains

e Design and interpretation of experiments
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A sample of application domains

e mMmarketing, advertising

e recommendation systems
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A sample of application domains
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A sample of application domains
— systems biology

e Life sciences
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A . Death factors
Source: Wikimedia. (e.g. FasL, Tnf)

This image is in the public domain. Source: Wikimedia.

— neuroscience, etc., etc.
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A sample of application domains

e Modeling and monitoring the oceans

e Modeling and monitoring global climate

e Modeling and monitoring pollution

e Interpreting data from physics experiments

e Interpreting astronomy data



A sample of application domains

e Signal processing

— communication systems (noisy ...)

— speech processing and understanding

— image processing

— tracking of objec

and understanding

LS

— positioning systems (e.g., GPS)

— detection of abnormal events



Model building versus inferring unobserved variables

X =aS5+W

e Model building:

know ‘signal” S, observe X
infer a

e Variable estimation:

kKnow a, observe X
infer S
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Hypothesis testing versus estimation

e Hypothesis testing:

— unknown takes one of few possible values

— aim at small probability of incorrect decision

Is it an airplane or a bird?

e Estimation:
— numerical unknown(s)

— aim at an estimate that is “close” to the true but unknown value
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T he Bayesian inference framework

e Unknown © e Where does the prior come from?
— treated as a random variable — symmetry
— prior distribution pg or fo — known range

— earlier studies

e Observation X o _
— subjective or arbitrary

— observation model py g oOr fy|g

e Use appropriate version of the Bayes rule
to find p@|x(-|X =zx) or f@[X(-|X = )

Prior pe

! Observation £ Posterior | Pelx (-] X = :1:)’

» Process Calculation

Conditional
Px|e
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The output of Bayesian inference
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Point estimates in Bayesian inference

r N
The complete answer is a posterior distribution:

\— _/

ro|x(: | z) foix( | =)
| ‘ || : /\A

e Maximum a posteriori probability (MAP):

p@]X(Q* | IE) — max9p9|X(9 | LE)

forx(@* | z) = maxg fox (0 | )

e Conditional expectation: E[© | X =z] (LMS

estimate: 4 = g(x)
(number)

estimator: © = g(X)
(random variable)

: Least Mean Squares)
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Discrete ©, discrete X

e Vvalues of ©: alternative hypotheses

0.6
pox (0 | ) 1

0.3

\

po|x(0 | z) =

px(z) =) po(?)prxolz]|d)
9’

po(8) pxjo(a | 0)

px(x)

J

e conditional prob of error:
PO#0© | X =nz)

smallest under the MAP rule

e overall probability of error:

e MAP rule: 0=

=Y P(©# 06 |0 =0)ps(8)
)

P(©#0©) =) P(©#0©|X=az)px(z)



4 )

Discrete ©, continuous X po(6) fX|(-3(~’U | 6)
poix(0 | z) = )
e Standard example: fx(@
— send signal © € {1, 2,3} fx(x) =Y pe(@)fxolz| )
X=04+W g o y

W ~ N(0,02), indep. of ©

e conditional prob of error:
fxie(z|0) = fw(z —0)

PO#0© | X =xz)
0.6

& ' smallest under the MAP rule
ro|x (0| )
0.3 e overall probability of error:
0.1 iz —
| PO #0©)= [P@#0|X=a)fx(z)do
1 2, 3 0

=Y P(© #6|0 =0)po(6)
o)
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Continuous ©, continuous X a K
fe(0) fxje(z | 6)
foix(0|z) =
. fx(z)
e linear normal models
) = 0’ z | 0" do’
estimation of a noisy signal . fx (=) /fe( )fX|e( 16 y

X=00+W

© and W: independent normals

multi-dimensional versions (many normal parameters, many observations)

e estimating the parameter of a uniform o ©=g(X)
X uniform [O’ e] e Iinterested in:
®: uniform [0, 1] E[(é —0)? | X = :z:]

E|(© - ©)?]
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Inferring the unknown bias of a coin and the Beta distribution

e Standard example:
— coin with bias ©; prior fo(-)
— fix n; K =number of heads

e Assume fg(-) is uniform in [0, 1]

foix(0 | k) =

1

s

\

foix(0| k) =

fo(0) pkio(k | 6)
pk (k)

p(k) = [ fo(@IpKio(k | 0') do

\

J

= 9F(1 — )" F  “Beta distribution, with parameters (k+ 1,n — k+ 1)"

d(n, k)
1
o If prior is Beta: fo(6) = =6%(1 —0)P

C

foix(0| k) =
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Inferring the unknown bias of a coin: point estimates

e Standard example: 1
]0 6%(1 — 0)B do =

— coin with bias ©; prior fo(-)

a! B!

(a+ B+ 1)!

— fix n; K =number of heads

e Assume fo(:) is uniform in [0, 1] E[© | K =k] =

1

e MAP estimate:

Omap =

©Omap =




Summary

e Problem data: po(-), pxjo(- | )

e Given the value z of X: find, e.g., pg|x (- | =)

— using appropriate version of the Bayes rule

e Estimator © = g(X)

— MAP: Buyap = guap(z) maximizes po|x(0 | z)

Estimate § = g(z)

— LMS: 8 ms = gLms(z) = E[© | X = a]

e Performance evaluation of an estimator ©

P(é;‘—'@|X=m)

P(© # ©)

E|(© - ©)32
E|(6 -©)?

X =g

20



MIT OpenCourseWare
https://ocw.mit.edu

Resource: Introduction to Probability
John Tsitsiklis and Patrick Jaillet

The following may not correspond to a particular course on MIT OpenCourseWare, but has been provided by the author as an individual learning resource.

For information about citing these materials or our Terms of Use, visit: https://ocw.mit.edu/terms.

21


https://ocw.mit.edu
https://ocw.mit.edu/terms

	cover.pdf
	Blank Page




