LECTURE 5: Discrete random variables:
probability mass functions and expectations

e¢ Random variables: the idea and the definition

— Discrete: take values in finite or countable set

e Probability mass function (PMF)

e Random variable examples
— Bernoulli
— Uniform
— Binomial
— Geometric
e Expectation (mean) and its properties

— The expected value rule

— Linearity



Random variables: the idea
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Random variables: the formalism

e A random variable (“r.v.") associates a value (a number)
to every possible outcome

e Mathematically: A function from the sample space €2 to the real numbers

e It can take discrete or continuous values

[ Notation: random variable X numerical value = ]

e \We can have several random variables defined on the same sample space

e A function of one or several random variables is also a random variable

— meaning of X +v: IV takes veluc Lot v 20

wlew X toles velue %, Lokes I/d.gute %
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Probability mass function (PMF) of a discrete r.v. X

e It is the “probability law” or “probability distribution” of X

e If we fix some z, then “X = 2" is an event
z:5 X=5 fwq X(w)=5%=5a,b}
P (s) =Y2

- )

px(z) =P(X =2) =P({w e Q st. X(w) =a}) P‘r (y)
\ J Px

[- Properties: py(z) >0 ZP}{(R’?) =1 ] ? '/2'




PMF calculation

e [Two rolls of a tetrahedral die e Let every possible outcome have probability 1/16

s[5 ¢ Z=X+Y Find pz(z) for ol 2

&
7 e repeat for all z:

' — collect all possible outcomes for which Z is equal to z
5

4

2
Y=Sccond 3| 1|9 |6
T, 4 |5

| ~1

3 F2)=2(2=2) = e

pz(z) 9/)¢ PZ—(?’) = £(2=3) = 2/l6
W) =P(r=y) =216

1 2 3 4 5 6 7 8 9 > ’ -

— add their probabilities
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The simplest random variable: Bernoulli with parameter p € [0, 1]

rr(u):l’f 1-P 4
1, w.p.
X={0, W.E.Ilj—p Px(')= P H

e Models a trial that results in success/failure, Heads/Tails, etc.

e Indicator r.v. of an event A: I4 =1 iff A occurs




Discrete uniform random variable;

e Parameters: integers a, b;

e EXxperiment: Pick one of a,a + 1,
e Sample space:

e Random variable X: X(w) =w

e Model of: complete ignorance

{a,a+1,...,b}

a<b

parameters a, b

...,b at random, all equally likely

b~-aQ +1 posjf);é’e Va éu.es
11252226 & FEPPR 3

=Y

Special case: a=5»

constant/deterministic r.v.

px(z) A




Binomial random variable; parameters: positive integer n; p € [0, 1]
e Experiment: n independent tosses of a coin with P(Heads) = p

e Sample space: Set of sequences of H and T, of length n

¢ Random variable X: number of Heads observed

e Model of: number of successes in a given number of independent trials

m=3 I Fx(ﬁ):f(xz 9 )
HHT :_E (HHT)-I—-I’_(HTH)"B(TH)‘})
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Geometric random variable; parameter p: 0<p <1

e Experiment: infinitely many independent tosses of a coin; P(Heads) = p

e Sample space: Set of infinite sequences of H and T :_I'T'T THHTee-

¢ Random variable X: number of tosses until the first Heads X = 5

¢ Model of: waiting times; number of trials until a success
K- |
= = = = = 2y v~ -
e D(X=K) R (T T W) =C-p) P k=L 23
X = |

PX(""J) P p = 1/3
P(no Heads ever) .;:_E . ata ) (""‘P)E (- 14 .

¥ e
J]:-)'W | |I | 1

>

o 1 2 3 4 5 6 7 8 9
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Expectation/mean of a random variable

e Motivation: Play a game 1000 times.

Random gain at each play described by:

e 'Average’ gain:
1200 + 3:6500 + 4-%00

|00 O
= P & 3
- ¥ e 4 I — L

-

e Definition: E[X] =) zpx(x)
T ®

_..-‘

(1, w.p. 2/10 ~ 290
X =42, w.p.5/10 ~ 500
4, w.p. 3/10 ~ doO
" Ts/10
- 3ro
/10
’_’—LL
= — >
! r “

e Interpretation: Average in large number
of independent repetitions of the experiment

e Caution: If we have an infinite sum, it needs to be well-defined.

We assume ) |z|px(z) < oo
xr
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Expectation of a Bernoull r.v.

X:{l’ W.p. p E[x_]:|.P 4-0.-(1-—-}?):)9

If X is the indicator of an event A, X = [ :

X=4 445 A occuns p: 2 (4)
E[Injzf(ﬂ)



Expectation of a uniform r.v.

e Uniform on 0,1,...,n
px(x)
1
n—+1 ‘ \ ‘
0 1 % n_w
‘ [
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e Definition: E[X] =) azpyx(x)
L

>




Expectation as a population average

e 1 students

e Weight of :th student: z;
e EXxperiment: pick a student at random, all equally likely

e Random variable X: weight of selected student

— assume the z; are distinct
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Elementary properties of expectations - ~
e Definition: E|[X]

|
~
L=
>
P
~
f S—

e If X >0, then E[X]| >0 4
-gﬂl‘ QQO 77 X(W)a—o Z0 >0 20

e Ifa< X <b then a <E[X] <b

3}01‘ all we acg X(M)Ef E[?rj ?-g?‘Px(ﬂc) 2 gaﬂ-(“"}
=aZ p(x) =a-1=2a

e If ¢ is a constant, El¢] = ¢

Ji E[c.]: C-P(ﬂ)'-’c

< #'2:.

e




The expected value rule, for calculating E[g(X)]

e Let X bear.v. and let Y = g(X)

| 0.4 5
e Averaging over y:  E[Y] = ypy(y) /
0.3

3. (0.1+0.9) +Y - (0.2 +0.4) prob

w‘
e Averaging over z: 30,1 +3-0.2 +4-0.3+" 'O-N
[Em = Blg(X)] = ¥ o()px ()]

Proof:
TS 2 9() pu(z) . EX2= D xlp, (x)
Y ZXogq(x)=y c:@-(‘:vc.):-.ggi

:;2- @?@]FX:Z) - 727 ZFF () e Caution: In general, E[g(X)] # g(E[X])
%® o(x) = S o )2y 9 o
zg)’fy(?):f;[‘d 7 E[x?] = (EL_NIJ




Linearity of expectation: E[aX +b] =aE[X]+ b

X=5nQ&'|7 F[?‘JZ' ﬂ”'«?"ﬁ?-e S&@ﬁ?y

Y-‘-Meu:m@q?}' =2X +100 E[WJ"E[‘ZKHOOJ:EE[XJHOO
e Intuitive

e Derivation, based on the expected value rule: ?'C'JC) = Qr + b

e[7) = 2 9 C=) =700
:7((11:_,\.],)?;(‘2:) = Q,ch?ﬂ.(t) beﬁ‘(t)
% = 3:_..,-#\«.._./
@ L[x] + b .

E[?(ﬂ] 1’?(5{#’3) excepiio ol 7
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