LECTURE 8: Continuous random variables and probability density functions
e Probability density functions

— Properties

— Examples

e EXxpectation and its properties

— The expected value rule
— Linearity

e \Variance and its properties
e Uniform and exponential random variables
e Cumulative distribution functions

e Normal random variables

— EXxpectation and variance

— Linearity properties

— Using tables to calculate probabilities



Probability density functions (PDFs)
) PDF fy(x)

px(z)

Pla<X <b) -

o
i h T

T

Pae<X<b)= > px(z) P(a < X <b) =/be(m)ﬁg;E
z:a<zr<b a
px(z) > 0 S rx(z) =1 fx@>=0 [ fx@de=1

[Definition: A random variable is continuous if it can be described by a PDF]




Probability density functions (PDFs)
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Example: continuous uniform PDF
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e Generalization: piecewise constant PDF




Expectation/mean of a continuous random variable
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e Interpretation: Average in large number Fine print:
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Properties of expectations

e If X >0, then E[X] >0

o Ifa< X <b, then a < E[X] <}

e EXxpected value rule: e N

Elg(X)] = ¥ ¢(@)px () Elg(X)] = [ g(a)ix(z)da

\ _/

e Linearity [ ElaX + b] = aE[X] + b ]




Variance and its properties

[o Definition of variance: var(X) = E[(X — u)?] J

o0
e Calculation using the expected value rule, E[g(X)] =/ g(z)fx(x)dx
— 00

var(X) =

[ Standard deviation: oy = \/var(X ) ]

[ var(aX + b) = a?var(X) J

[ A useful formula: var(X) = E[X?] — (E[X])2 J




Continuous uniform random variable; parameters a, b
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Exponential random variable; parameter A > 0
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Cumulative distribution function (CDF)

[CDF definition: Fy(z) =P(X < m)J

e Continuous random variables:

Fx(2) =P(X <a)= [ fx(t)at

Fx(x)




Cumulative distribution function (CDF)
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e Discrete random variables: ! > 3 4
Fx(z)=P(X <z)= ) px(k)
k<x A
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General CDF properties

Fy(z)=P(X <=z)

e Non-decreasing

e Fy(x) tendsto 1, as z — o

e Fy(x) tendsto 0, as z —» —o0



Normal (Gaussian) random variables

e Important in the theory of probability

— Central limit theorem

e Prevalent in applications
— Convenient analytical properties

— Model of noise consisting of many, small independent noise terms



Standard normal (Gaussian) random variables

e Standard normal N(0,1): fx(z) = L —=?/2

e var(X) =1



General normal (Gaussian) random variables

L —(@—p)?/202
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e General normal N(u,02): fx(z) =

o var(X) = o2




Linear functions of a normal random variable

o Let Y =aX+b X~ N(u,o02

E[Y] =

Var(Y) =

e Fact (will prove later in this course): e Special case: a =07

[Y ~ N(au+b,a2o2)J




Standard normal tables

e NO closed form available for CDF

but have tables, for the standard normal

RN 1 L2 A3 4 05 06 A7 8 8
0.0 S00 SIMD S080 5120 5160 519% 5238 5279 5319 5359
0.1 || 5988 5438 5478 5317 65567 5596 5636 5675 .ATI4  5TRY
0.2 || 5793 .5K32 5BT1 .5910 5948 5487 6026 .6D64 6103 6141
D3 || BITH B21T 6255 6283 6331 B3GR 6406 6443 G480 GSLT
D4 || 6554 .BH91 6628 G664 6T BT36E 6772 GRS 6844 6879
0.5 || 6915 .6H50D 6885 .TO19 .TOK4 .TISE 7123 7157 .T1W0 .72
D6 || .T267 .T291 7324 .T357 .T3BY 7422 7454 . T4BE6 .T517 .To49
0.7 || 7580 .THI1 7642 .T6T3 .T74 .TT34 7764 .TT94 .TRI3 .T852
DB || .78l .THID 7849 . TOE7 .7985 .BO23 .86l 8078 Bl6 K133
0.9 || .B15% .B186 .8212 8248 K264 .R28H 8315 .8M0 8365 K389
LD || .B413 .B43B 8461 .B4R5 KSDR B531 .8554 8577 859 K621
1.1 || .Bid3 .BEES 8686 8708 K729 BT4H 877D 8790 8810 883
1.2 || .B84% _BRG6H _SR88 . RO07 K925 .B944 .BB62 .BBR0 8947 _HOL15
13 || 232 BIMB 9DE6 9082 H0%9 B115 9131 9147 9162 W77
14 || D182 BIOT 9222 9236 .H251 .B265 .927H 9292 9306 4319
L5 || -Bg32 D5 9357 9370 H382 B394 9406 9418 9429 M4l
L6 || 2452 63 9474 9d4B4 MBS BG05F 9515 9525 9515 5545
LT || 8554 .BG64 9573 9582 4581 .B50% 9O 9616 9615 4633
LE || 241 B4R 9656 9664 _B6T]1 TR OGES6 9693 9649 _4TDE
LB || .BTI3 B7TIH 9726 9732 H788 O744 975D 9756 9761 4TGT
20 || BT7T2 BTTE 973 UTES TR BTO9R  9RO3 9RI8 9812 4817
21 || 8821 .BR26 9R30 9834 G838  BR42 9R46 9B50 98H4 _HSLT
2.2 || .B861 .BEG4 OBGE 9871 _B8TH BBTR OS]l 9E84  98KT U]
2.3 || 5853 BRO6 9RY98 9901 HOD4  BE0E 9805 9811 9913 4916
24 || B918  BH20 9822 9925 H92T .BU24% 9431 9832 991 4934
25 || BU3E BIMD 9841 9943 5945 BAd6 9B 949 9951 4952
26 || BU53 .BUSH  9BG6 9957 _BO59  BUGD 9861 962 9963 4964
2.7 || -B965 .BHG6 9BGT Y98 H96Y9 .BATD 9471 9872 9973 4974
28 || 5974 BYTH 9876 9977 HOTT BUTR  O4TH 9079 9980 _H9R]
29 || D981 .DUS2 9882 99K3 _HOB4 BO84 OS5 9885 9986 _HOBSH




Standardizing a random variable

e Let X have mean p and variance o2 > 0

e If also X is normal, then:



Calculating normal probabilities

e EXpress an event of interest
in terms of standard normal

RN 1 L2 A3 4 05 06 A7 8 8
0.0 | 30D SIMD G080 5120 5160 519% 523D 5279 5319 53N
0.1 || 5988 5438 5478 5317 65567 5596 5636 5675 .ATI4  5TRY
0.2 || 5793 .5E32 5BT1 5910 5948 54987 6026 6064 610G 6141
D3 || BITH B21T 6255 6283 6331 B3GR 6406 6443 G480 GSLT
D4 || 6554 .BH91 6628 G664 6T BT36E 6772 GRS 6844 6879
0.5 || 6915 .6H50D 6885 .TO19 .TOK4 .TISE 7123 7157 .T1W0 .72
D6 || .T267 .T291 7324 .T357 .T3BY 7422 7454 . T4BE6 .T517 .To49
0.7 || 7580 .THI1 7642 .T6T3 .T74 .TT34 7764 .TT94 .TRI3 .T852
DB || .78l .THID 7849 . TOE7 .7985 .BO23 .86l 8078 Bl6 K133
0.9 || .B15% .B186 .8212 8248 K264 .R28H 8315 .8M0 8365 K389
LD || .B413 .B43B 8461 8485 KSD8  B531 8654 8577 8589 _R62]
1.1 || .Bid3 .BEES 8686 8708 K729 BT4H 877D 8790 8810 883
1.2 || .B84% _BRG6H _SR88 . RO07 K925 .B944 .BB62 .BBR0 8947 _HOL15
13 || 232 BIMB 9DE6 9082 H0%9 B115 9131 9147 9162 W77
14 || D182 BIOT 9222 9236 .H251 .B265 .927H 9292 9306 4319
L5 || -Bg32 D5 9357 9370 H382 B394 9406 9418 9429 M4l
L6 || 2452 63 9474 9d4B4 MBS BG05F 9515 9525 9515 5545
LT || 8554 .BG64 9573 9582 4581 .B50% 9O 9616 9615 4633
LE || 241 B4R 9656 9664 _B6T]1 TR OGES6 9693 9649 _4TDE
LB || .BTI3 B7TIH 9726 9732 H788 O744 975D 9756 9761 4TGT
20 || BT7T2 BTTE 973 UTES TR BTO9R  9RO3 9RI8 9812 4817
21 || 8821 .BR26 9R30 9834 G838  BR42 9R46 9B50 98H4 _HSLT
2.2 || .B861 .BEG4 OBGE 9871 _B8TH BBTR OS]l 9E84  98KT U]
2.3 || 5853 BRO6 9RY98 9901 HOD4  BE0E 9805 9811 9913 4916
24 || B918  BH20 9822 9925 H92T .BU24% 9431 9832 991 4934
25 || BU3E BIMD 9841 9943 5945 BAd6 9B 949 9951 4952
26 || 5953 .BUSS 9BG6 9957 BORY  DOGD ON61 9862 9963 4964
2.7 || -B965 .BHG6 9BGT Y98 H96Y9 .BATD 9471 9872 9973 4974
28 || 5974 BYTH 9876 9977 HOTT BUTR  O4TH 9079 9980 _H9R]
29 || D981 .DUS2 9882 99K3 _HOB4 BO84 OS5 9885 9986 _HOBSH
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