LECTURE 15: Linear models with normal noise
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e Very common and convenient model

e Bayes’' rule: normal posteriors

e MAP and LMS estimates coincide

— simple formulas
(linear in the observations)

e Many nice properties

e [rajectory estimation example



Recognizing normal PDFs
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_Estlmatmg a normal pt':lljameter - fo(8) fxjo(z | 6)
In the presence of additive normal noise fe|x(9 | z) = Fx(2)
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e Even with general means and variances:

— posterior is normal

— LMS and MAP estimators coincide

— these estimators are “linear,” of the form © =aX + b =



T he case of multiple observations
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T he case of multiple observations
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T he case of multiple observations

e Key conclusions:

— posterior is normal

— LMS and MAP estimates coincide
— these estimates are “linear,” of the form 8 =ag+a1z1+ -+ anzn
e Interpretations:

— estimate 0: weighted average of zg (prior mean) and z; (observations)

— weights determined by variances

J

- iﬂ D 0-:‘2 gﬂ-‘%
. 2. [
Omap = OLms = E[O| X =z] = EDJ; Xe veey moisy
_ZU; =2 Swo é’é we;’?ﬁz"
= )



T he mean squared error
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The mean squared error -
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e conditional mean squared error same for all x

e Example: X =0+W ©~N(0,1), W~N(0,1)
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T he case of multiple parameters: trajectory estimation
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A model with normality assumptions

X; = ©g+ O1t; + Ot2 + W, i=1,...,n
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A model with normality assumptions
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e MAP estimate: maximize over (6g,601,6>);
(minimize quadratic function)
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Linear normal models .

e O, and X; and are linear functions of independent normal random variables

;'Mear regressiom
o f@x(mm)=r:(:1:)exp{a—quadratic(ﬁl,...,ﬂm)g ?

e MAP estimate: maximize over (61,...0m);
(minimize quadratic function)
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éMAp]j: linear function of X = (X1,...,Xn)

e [acts:
o Omar,; = E[O;]| X]
o marginal posterior PDF of ©;: f@j|x(6‘j|m), IS normal

o MAP estimate based on the joint posterior PDF:
same as MAP estimate based on the marginal posterior PDF
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An illustration Estimating the trajectory of a free-falling object
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An illustration Estimating the trajectory of a free-falling object

o Oy ~ N(200,50%), ©; ~ N(50,50%), 0, = —9.81, W; ~ N(0, 507)
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An illustration Estimating the trajectory of a free-falling object

e Oy ~ N(200, 50%), ©; ~ N(50, 50%), O,
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An illustration Estimating the trajectory of a free-falling object
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An illustration Estimating the trajectory of a free-falling object
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An illustration Estimating the trajectory of a free-falling object
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