LECTURE 9: Conditioning on an event; Multiple continuous r.v.’s
e Conditioning a r.v. on an event
— Conditional PDF
— Conditional expectation and the expected value rule
— Exponential PDF: memorylessness
— Total probability and expectation theorems
— Mixed distributions
e Jointly continuous r.v.’s and joint PDFs
— From the joints to the marginals
— Uniform joint PDF example
— The expected value rule and linearity of expectations

— The joint CDF



Conditional PDF, given an event

px(z) =P(X =z) fx(x) - d=Plz< X <z+96)
pX|A(:B)=P(X=:c|A) fX|A($)'5“P($§X§$+5|A)
P(X €B) = ¥ px(z) P(X € B) = [ fx(a)de
z€EB
P(X€B|A)= Y pxjale) P(Xe€B|A)= [ fxsa)de
z€B

Y pxja(z) =1 [ fxja(@) de =1



Conditional PDF of X, given that X € A

P(z<X<z+6|X€A)~ fxxeal@)

0, ifzed A
fxixealz) = fx(z) .
P(A)’ ifze A




Conditional expectation of X, given an event
E[X] =) zpx(z) E[X] = /mfx(m) dx
T

EIX|A] =3 apxa(e) E[X | A] = [ zfx a(z) do

Expected value rule:

Elg(X)] = 3 g(2)px (=) Elg(X)] = [ 9(2)fx(z) do

Elg(X)| 4] = > g(=)px|a(2) Elg(X)| A] = f 9(z) x| a(x) da



Example

A
fx(z) |
| |
| |
|
a b c d x
E[X | A] =
Fxia(@)]
E[X? | A] =

o

-

IA
IA



Memorylessness of the exponential PDF

e Do you prefer a used or a new “exponential” light bulb? Probabilistically identical!

e Bulb lifetime T: exponential(\)
P(T >z)=e*, forz >0
— we are told that T'> ¢

— r.v. X: remaining lifetime

P(X>z|T>t)=e?, forz>0



Memorylessness of the exponential PDF
fr(z) = Xe™>%, forz >0

P(0 < T < §)

PG<T<t+6|T>t)

similar to an independent coin flip,
every 6 time steps,
with P(success)~ \é



Total probability and expectation theorems

Ai1NB

A>NB

AN B

@

Ai)

E[X | Aq]

P(42) x| 45)

\ P(A3) E[X|A3]

P(B) =P(A1)P(B|A1) + -+ P(An)P(B| An)

px(z) = P(A1) px|a,(®) + -+ P(An) px|4,(2)

[fX(fB) =P(A1)fxa,(@) + -+ P(An)fxmn(ﬂ»‘)]

[E[X] = P(A1)E[X | A1] + - + P(An)E[X | A,] ]




Example

e Bill goes to the supermarket shortly, with probability 1/3,
at a time uniformly distributed between 0 and 2 hours from now;

or with probability 2/3, later in the day
at a time uniformly distributed between 6 and 8 hours from now

fx(@) | fx(z) = P(Al)fX|A1(ﬂ3) L 3 P(An)leAn(x)

E[X] = P(A1)E[X | A;] + - + P(An)E[X | Ap]




Mixed distributions

if 2
¥ = {lel orm on [0, 2],

Y discrete X —
Z continuous

Fx(z) =

E[X] =

|

with probability 1/2
with probability 1/2

Y, with probability p
Z, Wwith probability 1 —p

Is X discrete?

Is X continuous?

X IS mixed
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Mixed distributions

¥ — {uniform on [0,2], with probability 1/2

L with probability 1/2
Fx1a,(2) | Fx (z) = P(A1)Fy 4, () + P(A2)Fx| 4, ()
Fx(z) |
0 1 2 z
Fx)4,(®)]
0 1 2 4




Jointly continuous r.v.’s and joint PDFs

px,y(z,y) =P(X=zandY =y) >0

P((X,Y)eB)= Y3 px,y(zv)

(z,y)EB

2.2 rxy(zy) =1
Y

xr

(

.

px(x) fx(zx)

pxy(z,y) fxy(z,y)

J

fxy(z,y) >0

(z,y)€B

o0 oo
/ f fxy(z,y)dedy =1
e () ¥ =)

Vs

\_

Definition: Two random variables are jointly continuous

if they can be described by a joint PDF

~

/

P((X,Y)GB)= f/fx,y(:c,y)da:dy
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t PDF

izing a join

Visual

P(x,v)eB)= [ [ fxy(z,v)dedy

(z,y)eB
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On joint PDFs

P(X,V)eB)= [ [ fxy(zy)dzdy

(z,y)€eB

d rb
Pa<X<be<y<d)=[ [ fxy(ay)dzdy
C (4

[P(aSXSa+5,CSYSC+5)%fx,Y(a,C)*52]

fxy(z,y): probability per unit area

area(B) =0 = P((X,Y)EB)=O
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From the joint to the marginals

px(z) =) pxy(z,y)
Y

py(y) =) pxy(z,y)

fx(z) = /fX,Y(way)dy

fy(y) = [fX,Y(CUay) dx
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fx(@) = [ fxy(zy)dy

Uniform joint PDF on a set S

et fr(y) = f fxy(z,y)de
fx 5"(1’ y): area of 57 H{I-P]ES.

y ¥
i, otherwise,
1/2
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More than two random variables

px.y.z(z,y, z)

ZZZPX,Y,Z(:C'J Yy, Z) = 1

r Y =z

px(z) =) pxv,z(z,y,2)
Yy 2

pxy(z,y) =) pxvz(y,2)
A

fxyvz(,y,z)
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Functions of multiple random variables

Z =g(X,Y)

Expected value rule:

Elg(X, V)] =LY g(@vpxy(@y)  ElgXY)] = [ [ 9@ y)fxy (@) dedy

T Y

Linearity of expectations
E[aX + b] = aE[X] + b

E[X +Y] = E[X] + E[Y]

[Elxl ot Xn] = E[Xq] + E[xnl]




The joint CDF

Fx(@)=P(X <a)= [ fx(t)dt

— 00

Fxy(z,y) =P(X <z,Y <y)

8%Fx y

9 Oy (25 27)

fxy(z,y) =

fx(z) =

dFy
dz

()
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