LECTURE 6: Variance; Conditioning on an event; Multiple random variables
e Variance and its properties
— Variance of the Bernoulli and uniform PMFs

e Conditioning a r.v. on an event
— Conditional PMF, mean, variance

— Total expectation theorem

e Geometric PMF
— Memorylessness

— Mean value

e Multiple random variables
— Joint and marginal PMFs

— EXxpected value rule
— Linearity of expectations

e [ he mean of the binomial PMF



Variance — a measure of the spread of a PMF

e¢ Random variable X, with mean p = E[X]

e Distance from the mean: X — u

e Average distance from the mean?

[o Definition of variance: var(X) = E[(X — u)?] ]

e Calculation, using the expected value rule, E[g(X)] = ) g(z)px(z)
T

var(X) =

[ Standard deviation: oy = \/var(X ) ]




Properties of the variance

e Notation: ;= E[X] [ Sk -+ 1) = aLE) J

o LetY =X +5b

o Let Y =aX

[ A useful formula: var(X) = E[X?] — (E[X])2 ]




Variance of the Bernoulli
¥ — {1, W.p. p

O, wp.1l-—p

var(X) = Y (= — E[X])°px (<)

var(X) = E[X?] — (E[X])?



Variance of the uniform

px(x)

1
n—+1

px(x) 4
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Conditional PMF and expectation, given an event

e Condition on an event A = use conditional probabilities

px(z) =P(X = x) pxia(z) =P(X =z | A)
ZPX("B) =1 ZpX|A($) =1
E[X] = Y zpx () EIX | A] = Yepxa(e)

E[g(X)] =) g(z)px(z) E[g(X) | A] =) g(z) px|a(z)



Example of conditioning

px(zx)

1 2 3 4 @

E[X] =

var(X) =

o Let A={X > 2}

PX|A($) |

1 2 3 4 @

E[X | A] =

var(X | A) =



Total expectation theorem

A A1NB
; P(B) =P(A1) P(B| A1) + -+ P(A4n) P(B | An)

A>NB

A2<

A3

AzNB



Total expectation theorem

A1 N{X =z}

A N{X =z}

Az N{X =z}

€

Ai)

E[X | Aq]

P(42) x| 45)

\ P(43) g[x | 43)

P(B) = P(A1) P(B | A1) + -+ + P(An) P(B | An)

px(z) = P(A;1) PX|A1($) < ses P AR) pX[An(CE)

[E[X] =P(A1)E[X | A1] + -+ P(An) E[X | Anlj




Total expectation example

px(x)
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Conditioning a geometric random variable

e X: number of independent coin tosses until first head; P(H) = p

_ k—1 _ r
pf(:)),._ (1=p)""p, sl L Memorylessness:
3 Number of remaining coin tosses,
conditioned on Tails in the first toss,
| | | I \ is Geometric, with parameter p
5

= >
1 2 3 4 6 7 8 9 1

[Conditioned on X >1, X —1 is geometric with parameter p}




Conditioning a geometric random variable

e X: number of independent coin tosses until first head; P(H) = p

px (k) = (1 —p)*1p, k=1,2,... i

px (k) ¢

Memorylessness:
Number of remaining coin tosses,
conditioned on Tails in the first toss,

| | | is Geometric, with parameter p
| .
5

= >
1 2 3 4 6 7 8 9 1

[Conditioned on X >n, X —n is geometric with parameter p}




The mean of the geometric

px (k) 1 as -~
EX]= Y kpx(k) = Y k(1 —p)*1p
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= E[X] = -
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P(X=Y)=
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Multiple random variables and joint PMFs

[Joint PMF: pxy(z,y) =P(X =z and Y = y)J

> ) pxy(zy) =1
Ty
px(z) =) pxy(z,y)
Y

py(W) =) pxy(z,y)



More than two random variables

[px,y,z(:c,y,z) =P(X=zand Y =y and Z = z)J

>3 D pxyzlzy2z)=1
T Yy =z

px(x) =) ) pxyz(zy,2)

Y

pxy(z,y) =) pxvz(@y,2)
A



Functions of multiple random variables

Z =g(X,Y)

PMF: pz(2) =P(Z =2) = P(g(X, Y= z)

[ Expected value rule: E[g(X,Y)] =) > g(z,y)px y(z, y)J
z Yy




Linearity of expectations

E[aX + b] = aE[X] + b

E[X + Y] = E[X] + E[Y]

[E[Xl + -+ Xn] = E[X1] +

)

E2X +3Y — Z] =



The mean of the binomial

e X: binomial with parameters n, p . om _
E[X]= ) k(k)'p"’(l—p)” ¢
— number of successes in n independent trials k=0

[ E[X] = np J
X; =1 |if «th trial is a success;

¢ Al _' ' . ' (indicator variable)

X; =0 otherwise

X=X14+ 4+ Xn



MIT OpenCourseWare
https://ocw.mit.edu

Resource: Introduction to Probability
John Tsitsiklis and Patrick Jaillet

The following may not correspond to a particular course on MIT OpenCourseWare, but has been provided by the author as an individual learning resource.

For information about citing these materials or our Terms of Use, visit: https://ocw.mit.edu/terms.



https://ocw.mit.edu
https://ocw.mit.edu/terms

	cover.pdf
	Blank Page




