LECTURE 19: The Central Limit Theorem (CLT)

X1+ -+ Xn

T

e VWLLN:

> E[X]

o CLT: X9+ -+ Xn= normal
— precise statement

— universality, usefulness

— many examples

— refinement for discrete r.v.s

— application to polling



Different scalings of the sum of i.i.d. random variables

e Xi,...,X, i.i.d., finite mean p and variance o2 / \

¢ Su=Xy 4+ Xi

variance: no2 e i

« My Bato—t o
n T
52 o
variance. — =0 i
n
, Sn_ X144 Xn
vn Vn / _\_
2 mg * o

variance: o =



The Central Limit Theorem (CLT)

e Xq,...,X, i.i.d., finite mean x and variance o2
o Su=X1+ <+ Xn variance: no?
. &’t: X1+ -+ Xn variance: o2
vn Vn
=3 Sn—nﬁ- - ]
Lin = \/ﬁg E[Zﬂ] == O var(Zﬂ) —

e Let Z be a standard normal r.v. (zero mean, unit variance)

[Central Limit Theorem: For every z: |lim P(Z, < 2) =P(Z < 2) ]

n—oo

e P(Z < z) is the standard normal CDF, ®(z), available from the normal tables



Usefulness of the CLT

S, —n )
Sﬂ=X1+"‘+XTL Zﬂ: e ,UI ZNN(D.,].)
vno

[Central Limit Theorem: For every z: ”Il_}mmP(Zn_ < z2)=PlZa <=z) J

e universal and easy to apply; only means, variances matter

e fairly accurate computational shortcut

justification of normal models ‘\9{: f
® |JUSTI
P ﬁ\



What exactly does the CLT say? — Theory

Sp —nu
vno

Sn=X1+"‘+Xn Zn = Z’”""N(Oul)

[Central Limit Theorem: For every z: ?-lli—}me(Z” < x)= P < z) J

e CDF of Z,, converges to normal CDF

e results for convergence of PDFs or PMFs (with more assumptions)
e results without assuming that the X; are identically distributed

e results under "weak dependence”

e proof: uses “transforms”: E[e$Zn] — E[e%4], for all s



What exactly does the CLT say? — Practice

Sn—n
Sn= X1+ + Xn B== 2B Z ~ N(0,1)
vno

[Central Limit Theorem: For every z: ﬂlemP(Z” Cri=FPla <) J

e [ he practice of normal approximations:

— treat Z, as if it were normal $.,,.. - \J n O Z An, ’ M}J

— hence treat S,, as if normal: N (nu,no?)

e Can we use the CLT when n is “moderate’” 7 n = 3 ¢ O

— usually, yes

— symmetry and unimodality help
L ]
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Example 1

e Package weights X;, i.i.d. exponential, A = 1/2;

e |Load container with n = 100 packages
P(S, > 210)
__...J‘_‘) Sm ~ 200 210 <200
920 - 20
= (2-14 2 O.‘;) ,.."'.‘_‘:_F(Z 30.5)
=1-2(2<0.5)=1 -2 (0.5)

=1 -.€915 20,%085

given two parameters, find the third

S n — NU
b -—
\/ﬁ a
,"_L et [ —
A0 01 .02 03 WES A5 A6 07 AR 09
0.0 000 5040 5080 5120 5160 .5199 5239 5279 5319 5359
0.1 O308 5438 5478 .BH1T7 .5HHT 5596 5636 .56VH .HT714 5753
0.2 SOT93 hE32 5871 5910 5948 5987 6026 .60G4  .6103  .6141
0.3 BH179 6217 62505 6293 6331 6368 6406 6443 6480 6517
0.4 BH6H54d 6591 6625 6664 .GYV00 6736 6772 6R08 6844 .GRTO
0.5 H950 6985 .T019 Y054 .VORE 7123 7157 .7190 .7224
0.6 J2a7 7291 T324 V357 Y389 V422 7454 7486 .TH1T .TH49
0.7 o800 7611 7642 7673 .T704 Y734 .TV6d 7794 7823 .T85H2
0.5 aukl 7910 7939 .TO967 .T995 w023 .B0D51 BOTVR 8106 .B133
0.9 HA1589 B1RG B212 8238 B264 8289 (8315 B340 B3G5  B3R9
1.0 S413 8438 B46]1  B4R85  BH08 8531 8554 BLHTT .B5H99 .B621
1.1 A643  B665 .B68G  BTOx 8729 KT49 &770 B7TH) .BR10D .BE30
1.2 B840 BEGY  BEEE  BO0T 8925 8944 8962 8980 8997 9015
1.3 AO032  .9049 9066 9082 .9099 .89115 .9131 .9147 9162 9177
1.4 9192 9207 9222 9236 .9251 .9265 .9279 9292 9306 9319
1.5 332 9345 9357 9370 9382 .9394 9406 9418 .9429 9441
1.6 A452 9463 9474 9484 9495 8505 9515 9525 .9535 .9545
1.7 AO554 9564 9573 9582 .8591 9599 9608 9616 9625 .9633
1.8 A641 9649 9656 9664 9671 9678 9686 9693 9699 9706
1.9 AO713 9718 9726 9732 9738 0744 9750 9756 9761 .9TGT




Example 2

@ P(Sﬂ E [1) ~ b
e Package weights X,

e Let n =100. Choose the “capacity” a,

so that P(Sn > a) =~ 0.05.

005~f(3,,_ 200 , a-290

”~

26

i.d. exponential, A = 1/2;

given two parameters, find the third

Sn ams ﬂ.,u
Ll =
\/ﬁ a
,"JJ —_— (] —
00 01 02 03 04 05 06 0T .08 .09
0.0 || .5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 .5319 .5359
0.1 | .5398 .5438 .5478 .5517 .5557 .5596 .5636 .5675 .5714 .5753
0.2 | .5793 .5832 .5871 .5010 .5948 5087 .6026 .6064 .6103 6141
0.3 | 6179 6217 .6255 .6293 .6331 .6368 .6406 6443 6480 .6517
0.4 | 6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 6879
0.5 || 6915 .6950 .6985 .7019 .7054 7088 .7123 7157 .7190 .7224
0.6 | .7257 .7291 .7324 7357 .7389 .7422 .7454 7486 .7517 .7549
0.7 | .7580 .7611 .7642 .7673 .7704 .7734 .7764 7794 .7823 .7852
0.8 | .7881 .7910 .7939 .7967 .7995 .8023 .8051 .8078 .8106 .8133
0.9 | 8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .B389
1O || .8413 .8438 .8461 .8485 .8508 .8531 .8554 .85TT 8599 8621
1.1 || .8643 .8665 .8686 .8T08 .8729 .8749 .8770 .8790 .8810 .8830
1.2 || 8849 .8869 .8888 8907 .8925 .8944 8962 .BOSO .8997 9015
1.3 || .9032 .9049 .9066 .9082 .9099 9115 .9131 9147 9162 9177
14 || 9192 9207 .9222 9236 .9251 .9265 .9279 .9292 .9306 .9319
L5 || 9332 .9345 .9357 .9370 .9382 .93094 .9406 .9418 .9429 9441
1.6 || 9452 9463 9474 .9484 @@ 0515 9525 .9535 .9545
L7 || 9554 .9564 .9573 .9582 9608 9616 9625 9633
1.8 || 0641 .9649 9656 .0664 .QETL .Hﬁ?ﬂ 0686 9693 9699 .9706
19 || 9713 9719 .9726 9732 .9738 .9744 9750 9756 9761 .9767




Example 3
@ P(Sﬂ E [1) ~ b
e Package weights X;,

e How large can n be,

so that P(S, > 210) ~ 0.057

-4m 210 -2n
2 2

9210 - Im
:‘gl—-.@ D
A,
L

©.%5
910 - Lm

0.05

“wsas

i.d. exponential, A = 1/2;

given two parameters, find the third

== Jul™
2\ 6495

Sn ams ﬂ.,u
b . —
\/ﬁ a
,u, et [ —
00 .01 02 .03 .04 05 06 .07 08 .00
0.0 | .5000 5040 .5080 .5120 .5160 .5199 .5239 5279 .5319 .5359
0.1 || .5398 .5438 .5478 5517 .5557 .5506 .5636 .5675 .5714 5753
0.2 | .5793 .5832 .5871 .5010 .5048 .5987 .6026 .6064 .6103 6141
0.3 | .6179 6217 .6255 .6203 .6331 .636% .6406 .6443 .G480 6517
0.4 | .6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 6879
0.5 | .6915 .6950 .6985 7019 .7054 .7OR® .7123 7157 .7190 .7224
0.6 | .7257 7201 .7324 7357 .7380 .7422 .7454 7486 .7517 .7549
0.7 | .7580 .7611 .7642 .7673 .7704 .7734 .7764 .7794 .7823 .7852
0.8 | .7881 .7010 .7939 .7967 .7995 .8023 .8051 .8078 .8106 .8133
0.9 | .8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389
1O | 8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8509 8621
1.1 || .8643 .8665 .8686 .87T08 .8720 .8740 8770 .87T90 .8810 .8830
1.2 | 8840 .88G9 .8888 .8007 .8025 .8944 8962 8980 .8097 0015
1.3 || 0032 0049 .9066 .9082 .9099 9115 .9131 .9147 9162 .0177
L4 | 9192 .9207 .0222 9236 .9251 .9265 .9279 0202 0306 .9319
L5 || 9332 .9345 9857 .9370 0382 0304 9406 .9418 .9420 94l
1.6 || 9452 .9463 .9474 .9484 qr:.l 0525 9535 .0545
1.7 || 9554 .9564 .9573 .9582 9500 .0G08 .9616 .9625 .D633
1.8 || 0641 .0649 9656 .9664 .QETI 9678 0686 0693 9699 9706
19 || 9713 9719 .9726 .0732 .9738 .9744 9750 .9756 .9761 9767




Example 4

o P(S,<a)=b given two parameters, find the third Z

e Package weights X;, i.i.d. exponential, A = 1/2;

=
|
Q
|

e Load container until weight exceeds 210
00 .01 02 .03 .04 05 06 0T 08 .00
N: number of packages loaded 0.0 | 5000 5040 .5080 .5120 .5160 .5199 .5239 5279 .5319 .5350

5 5

0.1 G398 h438 5478 5517 5557 5596 5636 .567H .5T714 5753
0.2 A793 5832 BRT1 5910 5948 59RT 6026 .6064 .6103 .6141

® P (N :} 1 OO ) 0.3 G179 6217 6255 6293 6331 .6368 .6406 .6443 G480 6517

0.4 6554 6591 6628 6664 6700 6736 6772 6ROB 6844 .6BT9

100

Z 0.5 @.ﬁﬂﬁﬂ L5985  .7019 V054 VORR 7123 .T157 7190 7224
_— E E x . s 2 lo 0.6 Jdzor 7291 T324 (7357 V389 V422 T454 7486 .TH1T .7T5H49
s {
(=4

0.7 || 7580 .76l1 .7642 .T673 .Yv04 V734 .77V6d 7794 .TR23 .T852
0.8 || 7881 .7910 .7939 .7967 .7995 .BD23 .B051 .B07V8 .Bl06 .B133
0.9 (| .8159 .8186 8212 .B238 8264 5280 . 8315 B340 .B365 .B3ED

1.0 || 5413 .8438 . B461 .B485 .BH08 8531 . 8554 8577 .BH9H .B6H2]
2 I D — 2 O o 1.1 K643 B665  .B6EG  BTOR  8T29  BT4D  BYTO O BTO0  .BE10D BR300

”~ ? . ? ( O & g) 1.2 || %849 .B8GH .BEE8 .BI907 8925 .R044 .RB062 8980 .BO9T7 9015
-~ 1.3 || 9032 .9045 9066 9082 .9099 .9115 .9131 9147 .9162 9177
2 O 1.4 || 9192 9207 .9222 9236 .9251 .9265 .9279 .9292 9306 .9319

- 0 » G 3 .] 5. La || 9332 .9345 .9357 49370 .9382 .9394 .9406 9418 .9429 9441
1.6 [ .9452 9463 .9474 .9484 .9495 .9505 .9515 9525 .9535 .9545
1.7 || 9554 .9564 .9573 .9582 .9501 .9599 9608 9616 .9625 .9633
L& [ 9641 9649 9656 9664 .9671 .967R 9686 9693 9699 9706
1.9 || 9713 9719 9726 9732 .9738 9744 9750 9756 .9761 9767
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Normal approximation to the binomial

e X;: independent, Bernoulli(p);

e Sp=X1+4: -+ Xn: Binomial(n,p)

— mean np, variance np(1 — p)
e n=236, p=0.5; find P(S, < 21)
Jnp(1 —p) =3

_F el 21-18

np = 13

i L

2 %

=P(2n <) 2aR0) =.8413

O<p< 1

Zm

m
Sn — np

e CDF of vy standard normal
J/np(1 — p)
221‘. (%) (3 -
k=0
0 01 02 03 04 A5 6 07 118 09
(.0 A000 5040 5080 5120 5160 5199 5239 5279 5319 5359
0.1 D398 5438 R4ATR 5517 LB5HHT .B5HOG6  BG36  H6TH 5714  .57h3
0.2 BT93 5832 BT 5910 5948 KO9RT  .6026 .6064 6103 .6141
0.3 L6179 6217 6255 6293 6331 6368 6406 .6443 6480 6517
0.4 Ahhd  6hY91 6628 6664 6700 6736 6772 .680F 6844 6879
0.5 AH915 6950 6985 .T019 .TO54 .TOBR .T123 .T157 .T190 .7224
(.6 Jg257 7291 7324 .T35T .T3B9 7422 T4h4d 7486 .¥Hh1T7 .7549
0.7 T580 .7611 .7642 .7673 .7T704 .7734 .7764 .T794 .TR23 .TRAR2
(05 Jae8l 7910 7939 76T JT995L BO23  .B0OL1 BOTR O B1OG  RB133
(.5 A159  Bl&EG B212  B23XK . BE264 2289 K3lh B340 .B3Gh (B3RO
1.0 A438 B4AGl  B4RL BH0X  BR31  BAhd  BATT  .BHOO BG21
1.1 B-{ifik Ah665  JBGRG  BTOR  BT20 E749 BT770 2790 BRI BE3)
1.2 ARAY BEGH BRER O RAGOT X925 Bu044 RBO962  JB4AR0 .ROO9T7 09015
1.3 A032 .9049 9066 9082 9099 9115 9131 9147 9162 9177
1.4 0192 9207 9222 9236 9251 9265 .9279 .9292 9306 9319

13



The 1/2 correction for integer random variables

P il T il

e 0.8413=P(Sn<21) =P(S, < 22), because S, is integer

ﬂ_#-

-18 22*'3)

NE
::_? (ZM < Ingg)
P(S» <21.5) =P (2.,

~9P(1.1%)

% §-18
3

T o 1 5

18 19 20 21

P(1,%2%) = 0.9082

true value 0.8785

A0 01 02 03 04 A5 L6 07 8 09
0.0 (| 5000 5040 5080 5120 5160 5199 5239 5279 5319 5359
0.1 D398 0438 D478 5317 .BHHT  .95Y96 5636 .567TH .H71d 5753
0.2 || 5793 5832 5871 5910 5948 5987 6026 .6064 .6103 .6141
0.3 || 6179 6217 6255 6293 6331 6368 6406 6443 6480 6517
0.4 (| .6554 .6591 .6628 6664 6700 .6736 .6T7V2 .GBOE .6844 6ETD
0.5 || .6915 .6950 .6985 .T019 .7054 .TOBR .7T123 .7157 .7190 .7224
0.6 || .7257 .7291 V324 V357 7389 7422 .T454 V486 .7TH17 .75H49
0.7 || .7580 .7611 .7642 .T673 .7TT04 7734 .TT64 .TT94 .T823 7852
0.8 [| 7881 .7910 .7939 7967 7995 8023 .8051 .BOTE 5106 (8133
0.9 (| 8159 .8186 .8212 8238 8264 (828D 8315 8340 .5365 838D
1.0 (| 8413 .8438 .B461 8485 .BHOR .8BhH31 . 8554 _Rod B509 8621
1t B643  B665 .BG636 .BTOR  BT29 BTV49 8770 .HHH] BES()
1.2 || .B849 886D .88EE Bl H025 8044 BO62  BUH B997 9015
1.3 || 9032 9049 9066 .E]'l']‘}]ﬂ 9115 .9131 .9147 9162 9177
1.4 || 9192 9207 .9222 . Wist .9251 9265 .927V9 .9292 .9306 9319

14



De Moivre—Laplace CLT to the binomial

P(Sn=19) = P (18.5¢ S, €19.5)

:_f( I‘?’j_lsf L & ]_____9,5’—!3) 1] | 18 19 'Jo o1 22

> 3
:.E(O-l? < 2. SO, 5—) e EXact answer:
.ﬂ"&’t’ (opg)"_c?_(oal?') 30 1 36.—0 1251
(19) (2) ]

=0.09])5 -0.5675 =0,124

e When the 1/2 correction is used, the CLT can also approximate the binomial PMF

(not just the binomial CDF)

15
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The pollster’s problem revisited

e p: fraction of population that will vote ‘“yes" in a referendum

e th (randomly selected) person polled: X;= {

0, itno. o=\lon-p)

o M,=(X1+4+- -+ X,)/n: fraction of “yes" in our sample

/U(ﬂ J
e Would like “small error,” e.g.: |Mn—p| < 0.01 ')

colVn
P(\ﬂ!.,a.—-plz_ﬂl):,_E’()zhl .mﬂ") _E[lz}___ 1 )

o~ Zﬁ’l
T NAT N\
ZI_;.SH'—H,{L S,H_ — mp o) , S“*Ml?}} _o]ﬁl
" vno T e 0 O g o

1, if yes, E[ﬁ:]’-P:}"

16



The pollster’s problem revisited
1
R—:P(|Z| > - \/_)

Y9 9?5

P(|Mﬂ —p| > .01)

o : \j (|..

e [rv n=10,000 o

prob < 9(1-9(2)) -

*2(1-,9732)=0.9496
e Specs: P(|Mn—p\ > .01) < .05

P09V )=0.925
02\m =1.9¢ =>mn=950Y

(|Z| > OQ\F)

—

9 (1-R(.020%))=0.05

%

00 01 02 03 04 05 07 .08 09
0.0 || .5000 .5040 5080 .5120 .5160 .5H199 .5239 .5279 5319 .5359
0.1 || .5398 .5438 5478 .5517 .5557 .5BBUG .H6306 .56TH .5T14 5753
0.2 || 5793 .5832 .5871 .5910 .5948 5987 .6026 .6064 .6103 .6141
0.3 || 6179 6217 6255 .6293 .6331 .6368 6406 .6443 6480 6517
0.4 || .6554 .6591 .66G28 .6664 .6700 .6736 .6772 .6808 G844 .GBTY
0.5 || 6915 .6950 .6985 .7019 .VO54 .TO8R 7123 .T157 .7190 .7224
0.6 || .7257 .7291 .v324 .73d7V .V389 7422 .T454 .T486 .75lT .7H49
0.7 || .7580 .7611 .V642 7673 V704 .T734 .7V64 7794 7823 .TE52
0.8 || 7881 .7910 .V939 7967 7995 8023 8051 .2073 .B106 .8133
0.9 || .B159 .8186 .8212 .8238 .B264 .8289 8315 .8340 . 8365 .B389
1.0 || .B413 .B43% 8461 .8485 .H5H08 .2531 8554 .BLTT 8599 (8621
1.1 || .B643 8665 .B6H6 8708 8729 8749 8770 8790 8810 8830
1.2 || .B249 .B369 .BER8 .8O07 8925 (8044 80962 R980 8997 .9015
1.3 || 9032 .9049 .9066 .9082 .9099 .9115% .9131 .9147 9162 .9177
1.4 || .9192 9207 .9222 9236 .9251 .9265 .9279 .9292 9306 .9319
1.5 || .9332 .9345 9357 .9370 .9382 .9394 .9406 .9418 .9429 9441
1.6 || .9452 9463 .9474 9484 .9495 .9505 .9515 .9525 9535 .9545
1.7 || .9554 9564 9573 .9582 9591 .9599 9608 .9616 9625 .9633
L& || 9641 .9649 .9656 9664 9671 9678 _LGF6 .9693 9699 97006
1.9 || 9713 9719 9726 .9732 .9738 .9744 m A7H6 9761 9767
2.0 O7TE 9783 9TEE 9793 9798 9803 9808 9812 9817

17
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