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1. Schrodinger and Wave Mechanics

2. Born’s Interpretation and the
Double-Slit Experiment*

3. Slit Detector?*

* See optional Lecture Notes on the double-slit experiment



Matrix Mechanics Recap

- In spring 1925, Werner Heisenberg introduced a new, first-principles
ot e approach to quantum theory. Rather than beginning with classical
Von W. Helsenberg in Guttingen. . . .
(s a0 300 1020 concepts and expressions — such as for the orbit of an electron in an
In der Arlben soll vmnc!:t. werden, ;-mh:“l m gewi ‘iur‘ cine quante .
s Gt b atom — Heisenberg argued that one should focus only on observable
Bekanntlich .lhBt tie: geg:n die : B ‘“L Rogeln, die allgemein in . .
i Caient s Iy ol Gl 10D features, such as the properties of spectral lines.
wand erheben, daB jene Rechenregeln als tlichen Bestandteil Be-
zichungen enthalten r—'—-t-- F-va— - it ew e
o s s T He reasoned that since the freguencies of spectral lines obeyed a
ment mange. ‘wenn 1

will, daB jene bis jetazt
mentell zughnglich ge
als berechtigt angeset
konsequent und auf eine
Probleme anwendbar
das Wasserstoffatom v
Regeln der Quantentt
-gekrenzten Felder* (|
Feld verschiedener R
dal die Reaktion der
nicht durch die genax
schlieblich eine Auvsde)
Atome mit mehreren
ist iblich geworden,
die ja wesentlich du

law of addition, the amplitudes of the corresponding spectral lines
should multiply. But then he found that the outcome depended on
the order of multiplication. Max Born clarified: these are matrices!

Vnm = VUnk + Viem :> Apie X Akm # Akm X Ank

charakterisiert waren,
e In spring 1927, amid emotional debates with Niels Bohr,

zultige) Einstein-Bohrsche Frequenzbedingung eine so villige Absage

i i Mkl ol b o St e Vills Heisenberg derived a consequence of his non-commuting matrices:
stellt, daB auch bei den einfachsten quantentheoretischen Probl an

the uncertainty principle.
Heisenberg, “On the quantum-theoretical 9/ p P h
reinterpretation of kinematic and A.’E Ap:v Z 5

mechanical relationships,” 1925
Images are in the public domain.



Schrodinger and Wave Mechanics
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During the winter and spring of 1926 — beginning just six
months after Heisenberg’s first paper on matrix mechanics —
Enrwin Schrodinger introduced a different tirst-principles approach to
quantum theory. Whereas Heisenberg had built upon ideas about
discreteness from among the hodge-podge of “old quantum theory,”
Schrédinger picked up on the idea of de Broglie’s watter waves.

Schrodinger — originally from Vienna and at the time teaching
in Zirich — was a generation older than Heisenberg and Pauli; he
had already published zany research articles. His approach was to

retain as much of the “look and feel” of time-tested physics as he
could.

constructive interference destructive interference
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1. Quantisierung als Eigenwertproblem;
von E. Schridinger

Dritte ') Mitteilung: Stirung; Anwendung suf den Starkeffekt
der Balmerlinien.

Einleitung. Inhaltsiibersicht

Wie schon am Ende der letzten Mitteilung egeben,
laBt sich das praktisch zugingliche .\nwomlnn iet der
Eigenwerttheorie schon mittels verhiiltnismiBig elementarer
Methoden ziemlich bedeutend fiber das Gebiet der ,direkt
lssbaren Probleme hinaus erweitern, indem man sich iiberlegt,
daB sich die Eigenwerte und Eigenfunktionen auch fiir solche
Randwertprobleme leicht nitherungsweise angeben lassen, die
einem dirckt 18sbaren Problem hinreichend benachbart sind.
Wir wollen das, in Analogie zur Mechanik, die Storungstheorie
fir das Kigenwertproblem nennen. Sie berubt auf der wich-
tigen Stetigheitseigenschaft der Eigenwerte und Eigenfunktionen ®),
wobei uns hauptsiichlich die stetige Abhiingigkeit von den
Koeffizienten der Differentialgleichung, weniger diejenige von
der Ausdehnung des Grundgebietes und von den Randbedin-
t kommt, da ja in unserem Falle d
Raum*) und die Randbedingungen (
gemeinen beim ungestirten und beim

itbereinstimmen werden.

Die Methode ist im wesentlichen schon von Lord Rayleigh
beniitzt worden, der in der ,Theory of sound* Aufl. Bd. I,
5—118. London 1894) die Schwingungen Saite mit
aen ['nhomogenititen untersucht.') Hier liegt der besonders
e e Fall vor, daB die Differentialgleichung des ungestirten
Problems Aonstante Koeffizienten hat und nur die Stdrungs-

forner nuch ebendort 8,734

Schrodinger and Wave Mechanics

Schrodinger began with the usual expression for energy:

p2
E=2 v
o T V()
De Broglie had suggested that zatter waves were crucial. So

Schrodinger considered the usual equation for a standing wave:
V2 + k*p = 0
De Broglie had identified a wavelength for matter:

h 2 27mp  p
)\:— k: — = —
p = N hh

Vi = k) = —p—zlb = p =RV

ﬁ2

Schrodinger, “Quantization as an
Eigenvalue Problem,” 1926

h built in from the start.

111 2, Ew —
new ‘quantum operator

V% +V(r)y
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Schrédinger wave 3

h 2
equation: Ew o _—%V ¢ + V(T’)@D

Al continunm! No “special states” or orbits with discrete
positions (as in Boht’s model). Plus, the mathematics was fawiliar
to physicists: differential equations rather than abstract matrices.

2
. . ) € .
First big test: substitute V(r) — — — . Then solutions to

Schrodinger’s equation correspond to

me4

Fe= -t
2h2n?

n=1,2,3, ..

Exactly the same spectrum as the Bohr model, so it reproduces
the Balmer spectrum!
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Schrodinger and Wave Mechanics
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1. Quantisierung als Eigenwertproblem;

ANNALEN DER PHYSIK 2m
von T Schrodinger Analogous to one-dimensional standing waves on a string:

VIERTE FOLGE. BAND 80
(Dritte ') Mitteilung: Storungstheorie, mit Anwendung auf den Starkeffekt

der Balmerlinien.)

Einleitung. Inhaltstibersicht
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Schrodinger and Wave Mechanics

Solutions i to Schroédinger’s wave equation obeyed superposition:

if y;(2,X) were a solution and ys(%,X) were a solution, then
/ ws(t,X) = wi(t,X) + yo(2,X) was also a solution.

1 2 é\ Y 5 g\ 7
\/ That meant that Schrodinger’s wavefunctions  could undergo

constructive and destructive interference.

constructive So yhad definite wavelike properties. But what was y? A
27 e interference wave of what?

1t Even more bizarre: if one considered a system with zwo
electrons, V' — V(x1, y1, z1, X2, V2, 22). So then wwould be a

1 2 \3 4 §6 =  wave in some six-dimensional space! Cleatly w was not just like a
water wave...

destructive
interference




A New Quantum Mechanics

Schrodinger and Heisenberg had strong feelings about each other’s work.

Heisenberg to Pauli, 1926: ““T'he more
I reflect on the physical portion of
Schrédinger’s theory the more
disgusting 1 find it. ... What Schrodinger
writes on the visualizability of his
theory ... I consider #ash.”

So it was all the more surprising when several physicists (Schridinger himself,
Pascual Jordan, and Paul Dirac) demonstrated later in 1926 that Heisenberg’s
matrix mechanics and Schrodinger’s wave mechanics were mathematically
equivalent.

By the end of 1926, physicists began to refer to a new “guantun: mechanics.”
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The Double-Slit Experiment

The double-siit excperiment is one of the most celebrated experiments in
modern physics.

Heisenberg lectured on it in 1929; Schridinger in 19306.

Niels Bobr featured it in his discussion of his long debate with _A/bert
Einstein over quantum theory (1949).

Richard Feynman declared that it “has 1n it the heart of quantum
mechanics” (1962).

Readers of Physics World magazine voted it the #1 all-time single most
beautiful experiment in all of physics (2002)!

Niels Bohr, “Discussions with Einstein on
Epistemological Problems in Atomic
Physics” (1949)

Courtesy of Elsevier, Inc., https://www.sciencedirect.com. Used with permission.

* See optional Lecture Notes on the double-slit experiment
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The Double-Slit Experiment

Case 1: Classical Particles

Fire bullets one at a time at a bullet-proof wall that contains two narrow slits, A and B.
Then count the number of bullets that arrive at the back-stop as a function of position along
the back-stop.

12



The Double-Slit Experiment

Case 1: Classical Particles

slit A open, slit B closed

slits A and B open

The counts of bullets per location yield probability
distributions. For classical particles, the probabilities for

independent events add.
slit A closed, slit B open

13



The Double-Slit Experiment

Case 2: Classical Waves

water wave ) ))_ —

| projection
| of slit A

— projection
of slit B

reef shore

Courtesy of Elsevier, Inc., https://www.sciencedirect.com. Used with permission.

A water wave approaching the shore encounters a reet with two narrow slits in it, A
and B. Measure the intensity of the wave along the shore as a function of position.

14
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The Double-Slit Experiment

slit A open, slit B closed

Intensity
of wave

Ig= o)’

—

A B
slit A closed, slit B open

Case 2: Classical Waves

peak intensity

occurs between

Aand B \

slits A and B open

The intensity of the wave goes as the absolute square of
the amplitude. Because of superposition, the resulting
wave shows a characteristic inerference pattern.

P4+ Q|*F |Q4]* + | @p|?

15



The Double-Slit Experiment

array of electron

Case 3: Quanta

detectors

A | >

electron source

-

Distance between slits A and Bis 10,000 times Courtesy of Elsevier, Inc., https://www.sciencedirect.com. Used with permission.

larger than the electrons’ de Broglie wavelength

Release one electron at a time toward the barrier; wait one hour between releases. Repeat this
procedure 10,000 times (i.e., get a patient graduate student), and then plot the number of
clectrons detected at a given position along the array of detectors.

16
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The Double—Sht jEXpCfimeﬁt Case 3: Quanta

When only one slit is open, the electron results
look a lot like the bullet results, clearly clumped

behind the open slit. You might readily dismiss the

it A open, slit B closed smaI.l wiggles on either side of the centm‘l peak as
spurious experimental error; they never rise above
~ 1% of the central peak. “Aha,” you say:
“electrons are like bullets after all ...”

slit A closed, slit B open

17



The Double—Sht jEXpCfimeﬁt Case 3: Quanta

slit A open, slit B closed

slit A closed, slit B open

slits A and B open
When both slits are open, the pattern — after 10,000 individual
electrons have been shot at the slits, one at a time, an hour apart! —
is exactly like that of interfering water waves. Every individual
electron was detected as a localized particle. It wasn’t the electrons
that spread out like a wave and interfered with each other; it was
their probability amplitude, \y. Max Born (1926): Probability = [y |2

18



The Double-Slit Experiment

t=1/30s t=1s t=100s

Three snapshots of the detection of individual photons after they have passed through a
barrier with slits. Each quantum is detected as a localized particle, yet the pattern that builds up

over time reveals wavelike interference. Courtesy Robert Austin and 1yman Pd%f) Princeton
© Robert Austin and Lyman Page. All rights reserved. This

content is excluded from our Creative Commons license. For
more information, see https://ocw.mit.edu/help/faq-fair-use/
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Questions?
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A Slit Detector?

test
particles

electrons

We could modify our apparatus to try to determine #hrough which slit an electron really passed:
place test particles behind slit A. If those particles get scattered, then we know that the electron
passed through slit A en route to the screen.

* See optional Lecture Notes on the double-slit experiment

21



A Slit Detector?

Results when both slits are open, but we

Results when both slits are open, and we do not
measure through which slit each electron passed.

measure through which slit each electron passed.

Ask a “particle-like” question — “throuch which slit did the electron pass?” and we will
p q g p
get a particle-like answer (ezzher slit A or slit B, with particle-like statistics). Ask a “wave-like”
question — “how does y behave between the slits and the detector?” — and we will get a
wave-like answer (interference pattern with wave-like statistics).
p

22



Wave Mechanics Summary

During 1925-26, Heisenberg and Schridinger independently
introduced new approaches to a first-principles guantum
mechanics: a quantitative description of the atomic realm that had
certain “quantum” ideas built in from the start, rather than
being appended as ad hoc “conditions.”

The rival approaches—matrix mechanics and wave
mechanics—at first appeared to be quite distinct from each
other. Heisenbergs approach emphasized discreteness while
Schrodingers approach emphasized continua. Yet by 1926, several
physicists had demonstrated a mathematical equivalence.

Several conceptual surprises:

* the wavefunction W was related to probabilities: Probability = | /|2 (1926);
* certain pairs of quantities could not take on simultaneously sharp values: Ax Ap, = /2 (1927);

* wave-particle dnality: the fype of answer one could expect to find depended on the type of guestion one
had asked (1927). Bohr: “complementarity.”

23
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